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BoxED IN RED

FINAL ANSWER

(© Jeffrey A. Anderson Class Number: _'&

Spring 2021, Math 1C, Quiz 1
Due: Tuesday 4/20/2021 at 1:30pm (via CANVAS)

Hooke's Law is a principle of physics stating that the force required to stretch a spring u units from the
equilibrium position is given by F(u) = k - u, where the positive spring constant k measures the stiffness of
the spring. Recall from class that we can set up an experiment to verify Hooke’s law using a spring, masses
of various size, a scale, and a measuring stick. Below are five collected data points relating to Hooks Law.
This data is plotted on a graph in the figure next to the table below. Although the data do not exactly lie
on a straight line, we can create a linear model to fit this data.

Experimental Verification of Hooke's Law

Displacement u | Applied force f - %
in Meters (m) | in Newtons (N)
0.041 0.100 | S i
0.086 0.197 ! el -
0.128 0.298 i >
0.173 0.395 "
0.218 0.492 o ¢

J 1. Set up a model for the error e; between the ith data point (u;, f;) and any associated linear model
flw)=b+k-u

In this case, the parameters b,k € R are unknown and the linear function f(u) is the modeled internal
force of the spring in Newtons corresponding to a measured displacement u in meters. Then, using the
model for the errors, set up the least-squares problem for this input data. In particular, create a two
variable function E(b, k) that you can use to solve create the “best-fit” model for this data. Explain in
detail the choices that you made to construct your error function E.

Q) recall, the evror in the data 1S defined as the
actval data subfracted by the wmodelled datq

. . A. »
L el = 9= whent - €¢ = ecvor

d¢ = actval data

g
J¢ = modeled datq
eilhb,R)E 3¢~ Cor v ug)y V

(@ vsing the error model we fovnd (€¢), we witl v

"OV.}“W“ a two variable funcrion ECb, k)
to best & ihe model :

S
E(b,“) = é [e((b,k_))z ‘/ ¥ we am vsiing summation
(= b/c we want to considér
RS e R e Al O Shespoings
lE(b;K—): E [uc—CbHﬁ‘UC)J, me data set
(=\

| w we taxe the tota\ savaved
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e asier to minimize

‘/ ¥ thiy cvegqtes eos(tve
va\ves 1o woerk with
wwile cweating an easier
devwvatign (INncontmst
to absolvte valwve)

Can you explain why it’s easier to use
calculus to optimize a square function
versus absolute value? How is this
related to the first versus second
derivative tests?
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2. Suppose that v is a vector in that starts a point A(1,0,—1) and ends at point B(-5,6,—4). Find a
vector of length 6 that is in the same direction but opposite orientation of the vector v. You can assume
that the new vector you create has an initial point at the origin O(0,0,0).

© +to begin, We wani 10 €nd the vector Prodvced by
te rpoints A D B. recall, a wector from point A to point B
S written as

-) -

s <x;—x.,yz-v,/ 20y

A(llol-l) $ Bc—slb,-\{)
X| y. i| )(L YL 21

Lets fil m tne wvector!
vl -
YR S8l e A )

\-;: <"5,6,"5> J

@ Wext, we want to €nd 1re TWO norm of -\). vécall, the
twWo norm of a vectov (s found with .

=a = W[(Yz-m)l ?Yl‘Yt)z ¥ C%z‘ia)z—

*¥VsiNg the Mihadoean flaeoremn =)

WVl = Y et + ¢t v (32
=36+ 3+9
= s

Vi, = N
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v (3_) now we want 4o find the vt vector of V. why? this 1S
ble { we £&nd tme wvnit vector of T/', we can multipry 4

Scalay we want to 9e+ The VRW Ve(igr we arve (0oking tor.

handny ¥V to a  ynir veetroy  peduces the vector fo
; Which anows vs o (hange  +he

enathh  and ovientation.

A WO novrm of |

N}
v ouev'e :Nam To fwmd  another vector that has the same
wh;tm:\i AS v, but diffevent length gad opposite orientation
RS that wmean? (et's look at  visvally .

BL-5 6,-y)
R ¥1ue new vector has same
divection as 3
ACi,0,-1) \
iy @
v
o( o/ 0,0 )
> ° ¥ the wnew vettoY pags 1ength o @
®
J MW Ltion s o9
Nice combination of verbal, visual, and symbolic -
representations: | see you making connections between v does v ?
various parts of your work! This is a great start to the type
i i ing for!
of evidence for learning that | am looking for \:’\ ew ‘one 9oes d()wn

okay, Pack to the vair vector. we fing +he un
: : : '+ vec(tor by
Adwiding" the wvector by i4'g masni+vde.

<-b’b/-3’ |
e G0y
“\1“2_ “VHZ
85
oy 9 ; (b,b, &)
& .- Gl e T
< q /'Z" ‘q)
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@ using the vt vector Y . W Seale ‘ifibY ~0. we use
b becavse © (s the (ength we want aud twe GO
Allows fe vector 40 be facing the ofposie ofientation.

we

-El p * scalar-vector multiplica tion
- vesults  in o vector

- R x R® 2 &3
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J 3. (8 points) Let x,y € R* and consider the diagram below

y

Derive an equation for the projection of vector x onto y. Be sure to specifically DEFINE the vector p
and the vector r from the diagram above. Please explain your work. For top scores, please demonstrate
multiple dimensions of your concept image associated with this derivation.

@ be{ore we derive an ev for Proj?(;z )1 we nefd to dirne Some veCtory
@ from the o\\'qgmvn, Pris Pacaiiel to 7’1 P shaves 1he
same divection (. —T) and  onenration( «— 0 as
YV blc twed oave on tre Sawe ‘e going vpw ards,
HowewkY', tiney Whave diffevent whagnitvoly ‘/

: ¢
B). leXs detiae P alsgcraically. vecall, a wector "snaving the
Sawe diveCtion as another weCtor ‘; wril ook ke the

followi ng °

? A -_7 ‘/ X where ol 5 an unknownt Scqlays  tvat

o A wdjust B'S  Mmagnitvpe ano
1 ovientation

b

(> since P Sharves {he Sawk orientatien
B3I, ol Wil b posi five

@so how do we i, X ? we yse 'r"_‘/

- . > -
r=X-PF  ¥ihe dlstance b/{ 4wo vectors X3 P is % -9
e (-9)

—~

- ‘/ .
Y.y 2D ¥ the dot eproduvct of fTwe vettiors \s p

¥ thev ave ortho%onagl
Math 1C: Quiz 1 © Jeffrey A. Anderson Page 30of 7
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<0
= - 2 - : #
CRN e § e S W ¥ distribvie rhe
:‘/ X = 9((;’/ ;:)
T /s _
PR X isolgte the o

@ now 4hat we <found o, we

APPM W  véctory ' B

tnow how muvch +o
-
po=

Proj'\'/(.;;)-‘-' O(:/,

5 N
gives the two norm of ¥

Vv ¥ vou
scalay
we

with

mvitiel{ ow found &

b Y as a Vit wector

9er the SPecific P vecLtor
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4

4. Let a= (1,0,1) and b = (0,1, —1). Express b as the sum

b=p+r

where p is parallel to a and r is orthogonal to a. Then, use the cosine formula for the dot product to
show that r is orthogonal to a. Explain your work. Why does this make sense?

B8¢0,1,5)

possible

visvalizatign

O recall, two nonzero Vectors X 3 ¥ are ovindjonal ¢ X.7 =0

also vecull, +the cosine formvula for the dot procivct

uS +\n e - 2
oK X - 1 = ~Nilhs ¢ ILYll, + cos©.

Tels
@ since we want to

Cosiie formviq $or
A e . of qo¥

Show that 7

dot f’rodvct,
ov “{Z adians

IS orthogonal +o

. a w/ dne
WPl - uz i,

@ byt cirst, lets find what P is. since B is earalle] to &,

that means +hew shavk the same dwethon, but may nave

o\nf(e_}rem magnitude and ovientation. «€ can vie «a projection
of b onto @a, recall :

7 4
B = Peoj 2 (b)

F-2-b & -/
ait, Hally
o

unit vector of a

n

10 eroeér(q scale
>

a ve to P
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lets find the magnifude of a 10 €l n tie dloove €4v.

~
latll, = _1‘ o4t = -\‘|+| )

fow et's +vry 4o solve €or P

B o S0 Qo -1y <1,0,1) cvector P usng
B T Yo ections
-5 1y !
G N QK0 Tt s o Sty
Y .
== w(lioto Ih t-c-0) - = o)
= 2
—= #(O+D=1) . %.(\,o,s7

0B
e CHOHEY

e
X e 1, 0!
¥, < 7

- | -
<'{10"E|"> J

gl
il

q .
&) neow tet's dgive. cor vsing 1 sum  provided

bzpa r
bepcy
BAL-)P ='F

- - -
we (an vieé b and the ¢ we fvnd 4o find 7 !

200, =) ¥ i), <"-z'-, o ’—‘i)

= €01~ +¢ % : ";:)

1

e

|
r = <z_ll/ 2)

i
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© now inur we hae T we: need fo €ind. tre two noum
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7 &

(! 1l
o
e |
4 “+
+
L)

@ 1e1's el
v
3 our " findings | 1nto the  (0SINEg  formula for dot Prodvet

-;.' 2 - = D
o hele S iighy ke

(—; e
s I[ = l
9.2 < D7 Z'\)b g -\l')_ cCcoS ©

|
S oV + gk (-1 ALEy |
; 212 ANNEL v

~ ko=l [*""
2 e .3 « os ©

0 = & 0T v coi ®

0 = Y3 ws®

Ot cos &
Cos”'(0) = @

le- 2] v

e

since © 5'171,' we tnow that 7 1§ orthodonal to a wl te
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Below, please explain your understanding of the cross product between two vectors in R? by answering
each of the questions 5, 6, and 7 below.

J 5. Let x = (z1,y1) and y = (z2, y2) be two vectors in R%. Using the diagram below, derive an equation for
the area of the parallelogram formed by vectors x and y based only on the components of these vectors
(note: this equation should NOT be based on the angle 6 between these vectors). Please explain your
answer and specifically identify the steps you took to arrive at your final answer.

4 O 10 find the area of a pavalelogram
formed by vectors T3 Y we | Nilat
need 4o ook at 1t Jeometrically
to form alqebraic setencey W

Ya =

- s we wnotice 4vat twere
Can be 4viangIRy formmed
iide/ovisde of +ae
Pavailelo qram , and their
side lengihg hawve some
SOrYy 4o do w/f 1he
CompPoments of e RS
289

‘/ © we can €nd the ama of 4 parallelogram oM &vbhrqc,-h‘n
oVt what we dont nheed! ke oranye sngpe Ssvbtoctecl bj
the blue shape gives U the povallelogram we want,

J@ what e do how (g €ind te areas of the crange shape
anol e blve Shqpe

friangle I -‘i- e b h RCtandle: .y

. = .

— 2 . yz . \,z \Iz x'
iriangle . Ji- 30 = Yy .‘}_' Xg¥p * '-‘z" ¥ Yo Ny Xv(

Math 1C: Quiz 1 © Jeffrey A. Anderson Page 5 of 7
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blwe shape

|-

iriangle II . SN LY
\ll ] i

Y

¥ *'l'omglc N -;

x. X; .x’.lYl

rectangle * vy, . ¥,

R e
1x|Y|+ !

_{x& Yz + Y‘xl

%ebrqnag Shgpe Hfrom
92+ +he avea o¢

I /‘/
2 Z O T X - 71
2 2 [ ( Y + ' Y &Y
Z/‘ 2/1 |x{)

_'——'_-———-——-——‘§

- EXY - ~ g
, B Xa¥: = aveaq of faralteiogram! ' v
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J 6. (4 points) Under the same assumptions in problem 3 above, suppose that the variable ¢ denotes the
angle between the vectors x,y € R2. Derive a formula for the area of the parallelogram pesallelograss-
formed by vectors x and y as a function of # and the two norms of these vectors. Please explain your

answer and specifically identify the steps you took to arrive at your final answer.

© recall, wvack in elementary sthool,
bose +ivaey heigint

the area of « parallelogvawm S
How do you know this is true?
Can you justify this visually?

T

b /
N3 area =

Y, -+ ¥ 1S s not e
Coordumate oxis !

l

X+ X

5:9 using the comPonenis of i vecrors X & ¥, we
Can  {ind +the bvase and 4pue wughit of +Hae pavalleloyvam

base

e ———

the _k:ase of the earallelogrum Will pe  4he +Twg norm
of R, recall, the 4o norm of A vecdor i3 JEY
Magn tvele Uk |1egth

b= Xl

Math 1C: Quiz 1 (© Jeffrey A. Anderson Page 6 of 7
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he\gny

the helgnt of te  pavulielogveam 13 wore tricky blc

it 1§ wnotr as clear. we will need +o USe tvigo nowwiric

identities 40 {ind +we heght.

b : oePosite
& ———
it Bl ihl S adjacent
a USing the 4nangle fownd (nside of +ihe
= h JPGV‘alleloBquf we can app ly  4hs tvi'y rdentity
; h ‘/
sSnie) = ——
) Q
Stnce

WE— Wwant 4o isolate the h (wWwe gre trying
+<; find  sue Avea  of {ue qu“clos,am‘ g+ (S
why
T e “e"'@/ we will NaVWAV\Se the eauvation

i = >
Sin(e) = Py A E iyl bk the +wo norm
Of ¥ . 9ives 4y e
Se ys n3th of q
191y since) = 4, () Yay4dy
@ ow +hat wre ’Fow\ol ovr base adl M\'shfl wR  can
Multiely them togetier ! "
Aveq of Paralleloyrym = b h
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J Explain how we can use our work on problems . and 4 above to derive the component form of the cross
product between the vectors a, b € R? where

x=(ml)ylyzl)1 Y=($2,92'32)-

Make sure to explicitly state the component form of the cross product in your explanation. Please ex!)la.in
vour work. For top scores, please demonstrate multiple dimensions of your concept image associated
with this derivation.

-

O so; the formula for c(omponent form  cross Pvoduct 1S

P | - - R
Xe¥ 2 (V2-Y22):-C X 31-x1g|).(-j)+(x|\,l_ T (b 1

‘/@ how what did that ome from? recall, ¢ we have a set of
vectors (= <l,oo7, —(o,to) 3 i‘-""<° °:'> ‘L

el RS

LxJ:+

v

-3 -
(S ] oo .
r\9aht nqﬂ:l
o ¥ notice that each veltor has 2 2ero vvie
i & tomPonents, and | ove comporent
4 | (s whene we wlll applv the vector)

also, recall Tn avestion 5, we

_ foumid mqt the awve g
of o Parallelosvam s

X\Yz - XzY‘ o
Y
Xz ¥,
‘/@ stnce we hawe 3 comeonents 10 deal with, wt would
need to sehit vp the evobiem into 3 5o tnat we wi'll

instead degl with 3  +wo (oMpenent vectory

vsing dhe aveaq of a Parallelogram, we will disreyerof
a different omponent ¢€or each set
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Area withovt +Hie 2 ‘/ xsSince we noticed that
P
the 1,J' 3 E‘ v€(+0f‘s

in a cevtan

-
lel“ Xl\ll = >
have o |

comporent, we (qn
£ = match them vp with
‘Cp =Xz 2, —¥~] ; g

| Fhelv pearectivt “aveas

t\fiox withovt 1 Y

wio e Llak ™t
ANQ without 1

L SO RS v ¥ viow + (ooks Similay to
the,. foemula in )"
MEPICan .
(@ v

V' ® evding it an together, we shovld avvive at a vector in @3
the «<ross eroduct ot two pechvs RSVl ' a vector.

-

% x Y= Yy 2 .-
< 122 ‘lzi",/ Xzz.'-x‘ig, X.Yz-XzY.> ‘/
R SN

18t compovent  2nd Ccomeovent 3vd comearent

Znd { 1
¥2nd comporent s AUrped bre it s mulhelied by -
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