For problems 1 - 4, let f: D C R? — R be a two-variable function with explicit representation z = f(x,y).
Let A(a,b, f(a,b)) be a point on the surface

Sf = {(xvyvz) : (x,y) €D and z = f(x,y)}

Let u = (u1, uz) be a unit vector in the domain of function f.

1. (6 points) Please derive the limit definition of the directional derivative from first principles. If you're
confused where to start, please follow the 5 steps process to constructing a derivative that we discussed
in our Lesson 11 videos.
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2. (4 points) Using the limit definition for the directional derivative of f in the direction of u at the point
(a, b) that you derived in problem 1 above, show how to construct a composite function g(t). This single
variable function should have the property that the derivative ¢’(t) is the same value as the limit we
constructed to compute the directional derivative in problem 1.
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3. (4 points) Derive the dot product formula for the directional derivative. Be sure to specifically refer to
the the function ¢(¢) from problem 2 above along with the multivariable chain rule with two interme-
diate variables and one independent variables. When appropriate, please explicitly state and use the
multivariable chain rule in your work. Also, make sure to explain the value of ¢ that you use to take the
ordinary derivative in this derivation.
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4. (6 points) Using your work in problem 3, explain which unit vectors u = (uj,us) in the domain D give

A. the direction of steepest ascent on the surface.
B. the direction of no change on the surface.

C. the direction of steepest descent on the surface.

Please provide evidence that your concept images associated with these directions incorporate multiple
categories of knowledge including verbal, graphical, and symbolic representations of these ideas. To earn
top scores, your solution should combine the work you did in problem 3 with the cosine formula for the
dot product. Also, please make specific connections to between your explanations of each direction and
your knowledge of the extreme values of the cosine function.
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For problems 5 - 6, let f(z,y) = 15 — 22 — 4y? + 22 — 40y.

5. (8 points) Find a vector-valued equation for the tangent line to the level curve

Lioo(f) = {(z,y) : f(z,y) = 100}

at the point (-3, —5).
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6. (6 points) On the axes below, sketch the level curve Ligg(f) and it’s the tangent line from problem 5
above. Also, sketch the vector u € R? with tail at point (—3,—5) where u is the unit vector in the
direction of the gradient vector V f(—3, —5) given by

Vf(-3,-5)
IVF(=3,-5)]2

-

x>
Ot

-

N

[

I

an

[«2]

N

[s2]

©

Now, use full sentences to explain how your graph above relates your knowledge about the shape of the
surface f(z,y) and your solution to problem 6 above.
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