| esson IH: Greens TheOrem\

0 Recall Tthat in S\njlt—\/O(Iab\L hn¥egred) Calculvs

we  SYudiedl Par¥ 2 of +he  Rada mente)

theorem  OF  calwlus  which  Stehd

b b
J?m ol x = f aix[‘:m] dx
o &

= F(o) = F)

This  theorem  velateds “+he M“’CSCC&) of P(x\=gd;[|:(x\]

o . Vegion [a,b) €IR 4o +he wvalves of 4he funchon

F(xX) on ”\ooundarj“ ol ocur reqi0A Eq‘b]

O 1o Lesson 13 we stvdied the Fondameatal Fheorem

of  lise Integals (The A, p.081)  which statrd

Hhatr  hine m—i—ujm.\s ol coaservahve Vector Relds ore

i Pa‘h\ 1nd Cpeﬂ d(’n%\‘,

©



(
In othec words,  Fhe Padamenta]  Fheorem o  Ine Integrats

T = Xy ‘ .>
states that  +he vector  Reld Fxy) = < Fouw, gioy)

- con secvaNue i f and on (:j P

JEodF = f?:.‘:'rds
G Q

= f FIR(D) « B @), dt
™

I Js

= j F(FB)) « V(1) 4t
@

b
= [ Vorrw) R dt
G

b

= [ 2[eFw) dt

(o]

—

= G(F(D) ~ O(F))
¥ -

l /
= ¢(B) — ¢(A)



3 Ths Podamental -Theorem of line lnkc\cjrals relates -+he

/
mnara\ oF « Srqd"\‘cw\ vector  Freld

\\
Wine

Tl = < buCrrg), Dylxep> = Flxeg)

on a i
piecewise - smookh  orieated corve G to the valves

ok pokamtal fuachan  Gxg) on the bowday of “he cuve.

H's  worn V\Ohf\j ey dhe  boundory of  Hhe cucve ¢ consists

of Ha tHuo endponts ofF He  Curve | call them A=T(a) and
B:T‘C\O) where F(—t) S G Po\rame‘l'cHQC‘PO’l of d w M attcb.

E In eadh of ’H\?_ V‘cmammﬁ Je ssonS o‘p +his course, we wi )

e X*nd these Rundamental +heorems 1O apply +o mMore genem)

3
boby IR%  and IR il i

doman regions andl Mfcgrals (n

‘PDNow\f\j pages, Wwe wil give & briet ovecview OF —these extensions

and genecah zahons .



IR LU WUNIVGS )

o+ a Ronchon +hroughour a f‘cgmf\ s determnee| by

)'Thc COMMUIGRIVE, LIMTEL P T Seidts =0

e valves of +he

Table 14.4 p- M4 sectun H- D

chon o~ +he bo\rndcrﬂ or—qu,i,

of (Smg\c—vw&a\o\e} Calcvivs

- b

the R)ndamen—}q) Theorem b .
f fo dx = fﬁ[ﬂx)] dx
Qa Qa

( Foothill's Man 1D course)

The Fundamental Theorem & ~
\r F °c‘r
ok hhae lnkgrals c

(Lesson 12 of 4s MaMID qurse)

= F@) ~ Fla)

i

fﬁ-?dg
1

l

v ®;

= f F(RME) o 2/) d4
¢

r

VO(R(D) « R'(4) db
¢

b
= & d%[cb(e(m] A

= GER) - d(Fla)
= ¢(B) - d(A)

f?(rlm e CE)  nEmNadt
G



~ Relaks “H\c line \wicgra] of a vetror ﬁ‘cld oV & 3Smpie, closed CUMNR in IR 10 a dadoubld
integral over —+he Pegicn enclosed by +his curve

= Giceens Theoce Ciecolahan form 38 = L e
een cotm in vlahan Fodv = <Fw/3‘,“>'<"'(4=!,3’(+\>d4
(LeSSon IH of +his Mg 1D Ca)rge) C: civevichon C:

:\\é; fdx + de
Q

¢ Etew) - P di
G

i Cﬁ E.Tds
G

. $5) dA

L,

Il (g -4y da

coel or rotahon in R-
= [[(sx?). & da

W here q [ Simple, closed, piecew . Se~smodth cutve or\cw\’zo(

(v

Covntecclockw st +had- encloses +he  Connectrd Gncd Simply - comnected
regroo DER™ (e G 1 e boundo‘}]ﬁ Vegan DY)

Jeff e Thooght Bubble: lets Kick siwet Knowiedge (or abutla language )

O The netor accumulahiel rotahon of a vector Reld ovec all poats 10 a 2D

pegan DR s equal +o the net circvlahon (as a line 1nfegra))
on +Hwe bOUqchv:d d ofF cegion D .

=3 & - +
.D i - = models a Fruid f‘low, Hhen Greeas Thm 1a Circulahon form Saﬁs L

‘HQ CI(‘CU‘.CLhOﬂ G\Ons ‘H’\Q bO«.‘f\dOf}j G' ok f‘ano’l D



Relaks +he hne integral  of a veetoe feld F=<fg> whee F:pei* — iR*
over G Simplc, closed, octenftd cueve o plcme +0 g Cdouvble ngm\

over 4+ fegion  enclosg bj +his cueve

> Greens Treocem  in Flux Rem: Sﬁr——"-?\ds = '
4 F(r) e A() ds
(Lesson 1M of +hs Mah 1D Course ) c c

= §<¥(£\,3H)> -<3'm,-x’(t)>dt
G

§ P(&)wj'lt) - S(Jc) x(+)dt

¥¥d3~3dx
G

= J[ 3 as
D

=Jj(¥x+3Y) dA
D

where q i o g\mp\gl C\o_w,d PTCCC\U\SQ."SmOO’m curve O(‘(C‘\ﬁd COU(\‘Q'CFC")CKWKSL
that €ncloses the coancctee] and Simply connected vegion DS - (ie @ s bornden) of D)

Jett's Thougw Bubble: let's tansiale +Hhs 1adp more 1ntv,hve lenguaye
v NS Vv

1 The net+ oc G ccumvliatated exPcms.m or ceatuchon of a vedor fRetd ovec all
powts mside & 2D region DC-\R is equal 4o e ner Flux (os « hae 1ntegral ) on

e boundovy G of region D- A

-~ ’ ~ T
1€ F models “Fivid Plow”™ o +he Pansport of metectal , Then +he flux %‘M&‘G‘“?"S ”g
Says that +he Cumplaive effcet of 4he Sorces (or siaked)  OF He Plow wihn

equals He net Piow accoss Hw bovaday G oF region D
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: nfgral over a surfice whose boundorg is —that curve (extinds Greeens thma cieevicdmn fon

toWe's Th +h D ; B oudi
S eorcm  (the 3D version §p o dr = é; <F 9,0 <dx,dy dz>

of  +e cicculahon Rorm of d a

Greente  Theorem )

(Lesson 17 of +h Mahip coses) = § fdx e gdy + nez
¢

= § ﬁ'(xlt),ym,z(-e)) or'(3)dt
q

T ild

|
Qg
Tit

:\U‘(ﬁx E)‘BJ dS
S

- 2
where S s @n  orieakd Sucface in R with a

piccewise -smoom  closed curve G avcouncl id's boundorﬂ

whose ortentalion (S coasiskad  wih The ortenthm

of  surfuce § grad B T SR Gnd norsa

)Y
veeRr fo 8 dewrmaed by He arentubon of S,

:)-é‘p‘ns -ﬁ\ouqh“' Bvbb]e 4 'e'l'S SPH‘ SMQ‘\' KﬂOWledgc, CW abvela lqnguccﬂe)

3 Lets inferpeet stokes Theorem v-’»mg abucla Ianguage: Under certann
conditens, the ned oc accumulated retehon of a vector Rela
over & surface S (as given by the nocmal component of +he

curl) equals +he net Circulabon (as a line |n+tgrc¢)) on  +he @
boundcwﬂ G of surfuce S.



D horidatod o SN AL vvla—u Dot b SRR £ e egiiod Wt Y L PYLCWY - SRWE. N PP T W R I v A Ll b i aulPR Sk I bk & N W N

/"H‘Q fegion DS iR> enclosed by et Surfhce ( ex¥tndeds Grecas Thm i Flux Rem o [R>)
N Dlversencc Theorcm, ( t+he 3D version

of +he Flux Rrmm ef Geeens Thm ) J\fﬁ°ﬁds = ffje‘ﬁcl\/
D

(Lesson 1% of +thisS mam 1D Cout‘se)

fff div(F) dV
D
= [[[(0 + g4+ ha) dv

\”‘J ‘;P+J+ Ah)d\/

3
Whee SER™ 15 a closd, ortenid surface that encloses o connecttel

3
and  Simply - connceted region DR -

Jeff's Troughr Bubbie -

0 Undec certan condinons, Hhe net or accumulated expansion (or contrachon)

=
oF a veeror fiad over every poat 1n o Negan el L given

bg) He cumvuiahve dwerf‘}encc) equals  +he net Plux  (es a surface Inkgrc,l)

oF ‘e vector Pielo{ ocross +he boundwd 38 of- +the Pcﬁu‘m L



O

n Lesson M, we Foeos our aHenhon on de"@lOP‘“g

two diffkeat fpems  of Geens Theorem [ clucling -

T = -fNdAA
Pory I1: Gree:;s Tho 1n Civevlabon Form ¢ égF d7 yf(gx 9

Pact IT: Greens Thon 1a Flux  Foem §E-d«‘~= JT g9 dA
q

Eachh of  tHhese  dheorems  (il] relate +he  dooble Integeal
of  +he  “derwchves’ ok a  vector- valved Rmehon over
all POmTS inside o F63\0n D < IPZ 1o line lnkgﬁab

on -H~ bOundari,j Q ot he region (5



Ciccolahon Form of  Geeeas Theorem

Dgﬁ\rou\ghow our  work n this \eSSor\, we ossume that

0*\3 Curve  in |R2‘ ‘et Wwe Use IS simple, clo.;eo{/

PTCCQw\SQ-Smoo)m, and Orc\evﬁzof, unless ohewse studed -

O Theres o famows (and  sophisticakd)  vesolt 1n Topology  Known

as e  TJoedar  Corve Theprem - Hhat implies  +hat gl

closed, Simple  curves Cgl?\l have o well-defined

MALBOE T Ao Tisidh divek iblnea . ik e pa +he.

Curve . dhe  covntrclockwste  direchon (as Viewed Rrom

albove) ;, R \nktor of e region o L S

*P\ea% cee Wikipedia octeele: ’jcpda,, Cueve Theorem

Also, welcome T vppe-clivision /Smduqk leve) main
Whe® we quote. anel Use. resuits that require yeors o+
dcC\D "H‘O‘\gn'*‘ t= vnd«stend ond PFO\:'\C e \t‘/‘

N(}v\}’ —+he "'R/r\ Pov+0(~ 3o,rr Jo..)f‘ﬂcd cun bcﬂ‘"“"‘\‘j"'

O Lets Visvalize s Scenario 00 e nexﬁ-quc:

@ .



O With ovur  couvnrrcloeK wise orrentthon

G

Countee Clockuise

- .
n — Pomb N "h‘\(!
r‘.\gm of e curve

In-\'trior Y‘Qg‘OO |
8D S R* encloded

by S\mpk,closeq

\Curvc ¢

Cv;cwmﬂ curve G
Rromm G bove )

curve G = R* |

We have g Ui que Ou)rwwd~pomhnj Unit Nnorme) vechor

=t y ]
N eR” +hat pPonts 4o 4y r\.‘Sth ot +e curve @+ qll
points that He Curve Smooth .

2
D Weéve alse assume thar our corve C =R i conttincy

m a |ow0jer Peg)m Hhat is  BOTH  connectee and Simply

Conp (\Qcﬁd )

@



O Svppose the  vector ﬂ‘elq

U The Hrst Rorm  of Geeens Theorem

F(xltﬁ) P <"F(X13)I 8(X(Y))>

s defaed  win FiDER —> R here DER

\OXoC

V.
'S Hhe vegion  whose 'bow\dw:j 1S +he  Closed curve

alR-¥ -}

Knowa «s

G ceens Theorem  1n Cicculahony,  foem relakes  +he
Ciccolohen  of F on &) +o o double mkgfa\

OvVer ¢ 0
" of A qvo‘”‘hﬁl’) Fhat measures

the 0To+a‘h N C
o o F o oa+ eath POt Ckfg)éD-



Before we give +Hhe Pemal sdokmant oF  Geeens Theorem

M Cirevlahan Focm, i develop our  (wTVihaa  Oa some

OF wvx\oo!'\'u4+ ideas Uod{rl\\j,w +hes Theorem

D Recall +het v ciccolahon of F  on & 1

g iven bv:j P e tnteg el

SEF'{TO(S fFF?—‘ Yo 't (Il?'(t)llz di
G v ‘H“z L5
ds

clot product

» Lo
O Flrmy) « B) di
G

= éSF(xw,gm) o <X'(4), Y&y di
G

35 <~P(x(t‘),5(—t))‘ GO, Y)Yy « < X' 1, y't)> dt
s

Scalar n\ut‘hpl tcechon

4
43 fixa) SYAY) - XY+ GO, 4 ) Y dt

| ®



= cgf:.? g = :\‘; flxw,gw) x'(8) + g0, y)) -y (4) ol
G

g

= fF fE <)+ 9@ 3'(“ a4

T .

-ﬁ)zz:] mah : ex{;@r* norahor Hhat s mqméma‘\“(a‘lly SFWTCGS

o
C= PR X" () d+  + (¥) ¢ (+) dt
;§ ;_Y-_—_/ 8 ‘—9—“«'—'—‘—’

d X c“j

P
= Sj;‘PClX «}—de

= § <rg>, <dx,dyd
o 7

&ﬁpfdl\)tf'
- § F d <><.‘j)
G
dot product

= ¢ F L

Recal{ +hat §E':‘rols Measured) +he net oc  acumuletech
G

C‘OMPonenh of .E' in e Ql\r*c(.ho/\ ot "H’\Q Un ¥ '}'&ngend’ V@d\’)f& T(fj

(1)

Qr e\fey point qlonﬁ q(”s"‘j our ideas ok Frc)Q(’ﬂM fram M&\V\‘C)



Jeffs Thoughr Bubble: Inkrprehing Qiccvlahon via Modelng Perspechnes

0 One NQ3 40 encode the iden of cirev lahian SFE-‘T’o{s

G
M our mind s o gssume thet Hhe vector Reld f—;‘—‘<~?/3>

models  He Velocity of a  Fluid Moving 1n [R5. TThe

creclohs  FETds qus o meosterd of Fow much  the
¢

flud s 'AO*'Cm“j" M He Samg direhon g e ot Non

of  cwve Q@ A great examplc. 5 WKeep wh Mirdk 16

Emm(lc 2. % b P 1070 where E = <-5i X > aloag

te vat cicele @ Centeced ot  He orign In coune clockw

d«r‘cchmh W\nen wil meagsure ”f‘o“*ahof\\\ ; we o S‘)eqkmy

aloost macre cota o (as Oppo%d t micro roi-ahor\).

 with  +he P mode | (n mind, (e mignt lmnﬂoy\c “+hat

a Non Zero Ciceulghan oA +He eloseg| Curve q Should lndrcak

that the veetor @eld must

have  Some  speciq| Peatvre (53

Insicle +le CUrve oOn

V\ea»oﬂ D et produceyy He Cculaben

On He curve q . In ohee worols, We mMmght expect some conncthuy,

bet~ewn Re druichor gadd e behaviar astde O . @



To  build ocvr intvihea abosr  Geeens theorem  In Circulehoa

frm  wnich sStates

3&3-.&: = [T qu-251dA
d D

we  will Inves Hgade “re Pol)owmg C‘ue,S'HOnsi

I
Gheshon 1:] O what is  macroscopic  rotalda in o veetor ferd?
e .
L aKa macce roveNon

| Quesren 2 ?\ D what s microsiopic rotehn  1na vedve Red?
y aKeo miceo cotttan
Quesfuon 3: \ B Can macro Cotahon exists  winosr  microrotatpa ¢

Qeshon ‘41! 3 Can MiC o rotahon  ex st w.hor  macro ro+a‘\704?

QU@S’)\M 5-“ D How do Wwe mecsyre . US,,\j numbusl “+he mocromi'ahm
i ’

of a veloe fed’?

y Al
%hmél 2 How do we QUCmMU miccorotaDoay  ofF a vechoe \07'€|C”

X Jedds Thovght Rubole © Nede on notebon - the verb quantify
7 One of -sz most beq\Jﬁﬁ/f chcllengmj , and subtle a%vmfhou o4 Qppl.cd
mohh i3S that we (as scienhsts) can  absene Complex  phenomenc and 1aMocluce

. Nnumerica) mmswep\wf SJS*(MH-D collect detn stoudrdwlh cuch phesomead, This
process Ts whit we mean when we vse +he vecb “to quan‘h@ @




Lets bcg\n ooc  diswssion wAh an  attempt to

QA nswer . RHX“T‘O" 1'{

/

\\

O what s MQCOSCOPIC ro oo In a Vvechor "Pfelc{?-

Mom s pont 00,  we will Rws our munds o assume

ek e vechr Pelds  we  siely mode| Fha  velocdy

e
of Qa -Plv';d. In ohvr words, W hea Wwe Wi

Fixyg) = < Powp, g0

1

< Fixy), 0> + <O/3(><,‘4)>

N

‘F(*,n)' fi * S(X"j) v:;

I

s
wtn  FiDpe R — R e will Impos & B

model - based Mecaing 0N Cah 0F He sﬁmelS-



To s end, Svppost ot e cegion De R s Q

mcﬂh’)@maﬁcﬂ‘ modd of o o - dimensiona) rcg\()r\ in quce,

“‘\’\(A’ 15 CO\IQ(U,Q uu\hq o |a(\,]cr ot Flutd. FO( Slmp\(ct‘\j/

lets  assume  ouf - fegion D is a  Circle ond  our Slud

”
w

draw a d".aaram 40 %mbéh%‘— “heo 5[Nahw\

w walut  We

o Bousdory of
’ reqion D




 One Very impockant Qs Ped— of ths mode\mﬂ povachigm

iS —\-\'\q+ we w;\\ assuml we ore mon\mg Pluid

S‘\'Ct‘thf ‘PDCU_SH\q on Mod{f‘\r\ﬂ VelOCl'ﬁj vechors

T:-fofj) = <P(x,%) ) 8(¥/y>>

atr a S"‘jlt _Fo.fv\" n  Time .

¥
O To Creade svon a Ste e VYxooIQ\, we — musT \mqsmg

we have a V(’,(rs S_\pcc(a\ Supec power . %) Porﬁ'culw,

w hen look\r\j down on our region ofF  water

:po aboVe, W mus+ ﬂ’\’\oa\f\c wa‘\’c\sni,] —'H\{ wiater ‘Plou/

%
Mmix Sw:\f\, aand Move  over +me (@ 2%1‘_9'_"'_‘_9 5‘43‘\(‘”‘). As

we wetth "H\c_ wette move ovec ‘hmc, we tale o anPsho*

or piclre of 4 Puid o+ an instat In Time,

g Jeft's  Thought Bubble : Whats vp witn +he word " sedves

v +v +he Peld of Flurd mechanics . Fluig
Peld of mechanics . Mechanics is +he physic
ts of fPoras oa obyeds.

O Ths modeling paadigm ™ aa introcluchon
mechanics is a Sub field of e lacger

Science +hat  Studics, explans, and models the effec

o Mathematrcal +heqr\<,j and| dechaigues allow vs +0 PA\SOUI‘OOS‘_S express and develop
#@Pr\dcples of MecChanics. Thus, mathemahcs will play a crucia| role In

solviny prachca| problems Via appiied mah moclelig .



* Jeff's Thovght bubble cortiaved .-

0 The Hfeld of mechanics 5 partihoned 1nto Awo sub fields

which  ore Known aS

SHatics @ e +he S'h’dﬂ oF ochci-S/bodm
vndec achen of forces  withour

CXP\\‘CH veference +o  changes (n +Hime

o USUQIB involves ana|3575 of equ\\ibr&um

posiNons O~§'/\obf)<'.d's nQ lo.rcjer SUSkm
inchv due )

hat InCludes many different  objecls  and
foracs mfcra(,hnﬁ wihm eah othvicat

a  Single, g¥udic ?O\v\“\' ya T me.

D\Jnamics o +he stvdy ot objeds [bodves vades

achen of forees Fhak  may Chargl
over hme and includes modes et

explicHy accont for Changes in e

e USUaNj involves analysis of Jiffec catia)

€quo Nas Hrot moddel changes In pOsITIoN

ok (adivicddug ) O‘)}:c\’s o il lo\((:‘jgr systt™
‘et \ncludes maay) different objecE hd
vartable fras  Interachag d_ago;_m;_'go_llj w‘\h@

culin owc over time.



Jeff's Thought Rubble contioved ...

O In our case, we will be ‘H)COS\r\ﬂ on creahng QA mathe mehical

moclel 4o desribe —+he posiNon  and vclocdv of each drop o+

fluid (weter)  ta our fegion ok oo . ye sk g iBag o s, ade

modelmj povadigim flls at> he Reld of  Flvd SdaTiag .

We stod wihn +he Stahc case rabve Fhan e dﬂnamm

phenomeaa  to  make  our i hrooluchan —~o —this modcling

ScCenarto more accessible  and less Complicatd . The

ovee all 30&1, ot courte, s To Pullﬂ vadassTonA ~+he
Stefic model  sp Pat we  an 9¢Mm],2¢ 45 e Mmore

M”rr.reshrﬁ Cose ©% ‘ﬁv,d d\(}namics‘

T Remember, Wwe ase qbod to  1ntroduce +he  capsivre resohs
fom  Hoo+ yeors of devclopment of e eid of Celeulus.

As yoor  coaty , mentor and SUZCXQ,, | implore Yyou To

Ceeade, develop , and  wefae o very Strong modching —based,

GOmeoncM* of Uo\m ConCC(ﬂ’ \YVlC'LﬂC associattad wiM ‘H\awmh\equ

jdeas  We o Sj\ldt/)tf\(d- Mg _su%eﬂ)on (and approach) 15 +o focs

oA dGVGlOPmﬂ S)‘ronﬂ w Noa  about “Fhese deas b‘j f‘ocuqu
on & m odel for He yPogmM‘\ ond ,’.,/e\ocd‘\o“ of

wal molecuies  1a 4 reg on a+ a Static/constuat ws¥eat 1n hme.

&



(dhe moment we take ovr photo )

\Y%
[ At ‘H’\CA‘ in S‘)'C(’\‘,' 5 not o(\\j

Qb,‘\(*’j e loo at

dva ] drop of wader n e

do we have —he

+e  photo anq

(S UPQ(‘ humean )

ldenﬁfj each \ndwvi

bot we qlo  caa assign ealh

Enhee pichure,

diop of wotw  hree importunt  quanhiTTes —Phat
Wil help O descibe  Fhe behavier of  he
+eken . These

dVOP at+  —+he skad - HHe - phoio. DIGE

tn clude.

ﬁ\;anﬁjj\ 0 foc eatv Jrop oF wekc wa See, WwWe  con
(X‘fgj) +0 qvq«'h‘f‘g “+he

assign & osi Dyn
N P

precise (ocdhon oF hes dop 1n our r‘eglof\ at

e time Fhe phote WD +eken .

assigh & velooiv

Suc«vfﬁy 2& ?{
Fuo comPonevﬂ'S :

(|} o Cac\n C“‘OP, we  can

Ve ctoc % =4, 9> “Fhat has
e ; UQOhM 3
F=Flxy) = <, 3{\«4
C{Uan’h‘hj 2/\

< < Bxg) |, glxg)>

= [CRx) - 03] -+ |<o, gixgP|
= Pfoy)e o o 3(x,g>.j 21




Jeff's Thought Bubble: 1S his mode\,r*eallg ooly base oa
Fheee quar\'h'ﬁcs?-

T On +he last page I elamed Hhat oue mMmodel

of waks  focvsed on assigning cach Qrop of water

thee  quantites. [ LIED! 0Or, betw said, |

’-\'/—Qfg“"\u\ OVQYSimJDﬁ\"Fi‘Cﬁ Bal MOde‘\ﬂﬂ PO(O\dtﬁ\m

O in real,'+3) +he phenomena of the wohon of wedts molecvies
Mo& cegion is Way Teo complex o be  destaibved by
encodes  many ideas lmphcr}-[ﬂ hidden Unde neith. To be
Ssvee that we PCQ“\\j develop all “+he Vnd(rlt\/]lng ideas

promrlﬂ and  make he coancchoms behwees  +he qua:\Hh‘eJ
we model and the physical  pneaomena we o€ hoping

‘o descr. \ae) lePs e CQP.'W ledc ‘H\Q Phenomcna\

wae ove ‘H&\éﬂ > model:
| MOPELING SCENARID . ]
we  begia b\oj assuming that we watkth & Pivid

(weke)  Prom above as +he Pluxd moves, mixes,

Plows, swirls, splashes and bubbles.  Then, ot

Some Pom\” d\){‘\r\ﬂ Ove observahon, we '}'C(}?é‘-\ @
pictve  of. e Pivi| lwohe) with & mqgie Camerer ...




Let's

om——

s MODELING: SCENARID 1S 'nCertb‘\j compleX:
break i+ down inte  Hw ladivtdual |, loasic conccpts —Fhedt-

we need To 7d€,\1\\{7 +o  Crlate  OUF chle,lr

\ Concept 1 SPaca,\

T The \Dodj of  watne Pt we g wa‘l‘cht'\ﬂ

exsis> In Ehgsica\ S pGaLC - £ e wake

evaporedd ,  we could oHN Sec a pd T2ouch

physical objetts Hhat  Creadeel @ boundary /bec|/

D Tnis pmjszm( space  Caa be  modeled as
a Seomc’m‘c f‘cjnm and Calh ,/Po.my“ In
“+his space  Can be QSSTghcof a posmof)\

1')05\7\2)‘\

O Foc a hwo-dimesional Ymodel, W&
ln o cose, we &SIV

Qss )‘6n Posmm

Values US(:\ﬂ o coocdmeXs -
+he Spa@ we S'h)olj has ,/Of\\:) +wo deﬂceeg ot ‘FFC(O(OMH

1 For a -H\rec,-dumeq;(ow( pos NN model, we assign
e fes.

post’rzm\ data  Osng “Hyree oord
@



lCOOCCp+ | - SPCLCC/ con’nf\ucd-—.ﬁk

0O As escribed bj Cc)ncc‘o)r 1, we Imagine observ\rﬁ
& physicl Space +at has  objeds wa caq
+ouch & Lfeel. in oour Case | Since Wwe Ore

+rfj“\fj +o mode| :Qlu.d, +h s <Space Shov ld

probably vagutly cesembe & bath Wb, sink,
laWe beol/ ett .- [n ofrur words, i+ we pour & buach
of weks 1nbhe ths space, He wetic deops  shovid Tend

o collect, build vp ,and stay togetmer:

—

\/CS’ watr Firs wstde \ \No: wakee Jdoesnt build

ve and collect

Nno ’j’bp’ poor wede n henrg
-\ and 1+ collects

D The region Ale wim wak~
Gndl Hen we can obge (ve

s region docs net Al with
walits andl we can't observe

the melre e ey iy~ of all
e wett” @(‘ofpi we ?OUde CQS:\«/)

25)




| Conecpr 2. Mass|

O Onee we hae Chosn a physical Spacc 0 observe
Huat an hold a hoge numbes of wete deoplets w‘nﬁm‘mr,

We now achally heve ~o £1) g Space wi wedce (frud)

O As we B ‘e spate  LP wih de'Cr, WL mMysH {MGgine
PUdfunj Cr\ouzjh wedee Fo be able To S‘)’Udﬂ “+he

Pfotot(‘he5 ok MOVm(j wedie  molecules o -H'\uj (ateract

wdn cach otnec.  Thus, we QSSume Pt we obsrve

W\

o “noa- tvial PRI e - N o her wordls,

» : r~elahve
W neeck o Pody oF  wakke dialds- b G Yy

large  mass ,

i Focmal\j Speaking, mMass i a measutemeasr oF he
Inecha. of a bod‘j (4ne resisHnce oF he bodtj o
Chqncdes In velocdy ) . Flowever, t< bu(ld more.  uschu)
Infv.hoa,  we might e cbot maSs as a
Mmeasuremeny of  the Cf-uanh-@ ot  matti InSKHe our bedy.

Tre pownt hee 1S Hab we need mMany, many , mang) drops

DF wood~  grovped Yegeher (n Spaw So wa con 0bserve
what bappess  as  He Wake  Flows £ moves . @



Conceer 2: N\ass/ conhaved ...

U

In eur models oF  Fluid stelNes  (and P
Mot comglex aoa\on models  of 1[:7""0"01&"“'““33")/
we  will shdg e macoscopic mohn of P

ﬁU?d . 7—(_) do SO, we mus‘)L QssSumc +ha+

4

oy, gy area  (in IR*) or volume (in R>)

of  Piud  shll contans @ very  Jage numbe

of molecvies of  He Flud (wake)

O we alseo GSSume_ -'H')C(L "H'lL ﬁqu (wa-kr) 1S

Q CoaNnypus medivm 50

~that +he observe han S

Wwe maKe and Hhe  models we coaNuet Ore based

Accord"‘&"j/ Whna we  tnTrocluce s  anol mﬁnf#ei‘j smal|

0N Qa  assvmphon OF conhanky n He  macro scopic senx

elements of aree (in '?2) or  volune (i ,R3> we Thiall of €lements
ot o physially™ infiatkely soull  compoed wih e okl Qe / Volune

oF —He enhre MasSS of Llnd (weter ).

@



‘ Congepy 5 Par—hc»lmq &

O Now “Hhat we have

Q p‘nnSSCQ\ Space “het

(VAR ace Ob.SQ(‘Vmﬂ flledd wih a (fdlahve\g) Iorgo_/(’on\wnuws

mass of wekr, we  also need To he able to

dishagursh  ond 'id(wh'fj inchividued  watee 7 pericles”

2 Yor our Furposzs, we m13k+ +hinkt of beu‘g able o

]

Sec

ndivtdoal  deops ot wades o iadividual R e

> 68 it we wewr a paic

Suth  an  assvmphoa
Z -
feare.

molecules ,

O"(’ MQUFCQI 8'&35@5 Ghat have a svpke himen Zoom

it +He “Zoom fradvre s off, we n ook at-

"Hc weder :Pr-om Gabove ancA Sec +he M GCro SCopie

bohavioe ofF —Pe wager: how +  flows, moves,

Swicls, anch mixcs .

z .
& we  ten e Zoom\ Lfeatrure on, we can

Noww Conhnue P S He walkke move -\*nroughws—

Hre eniire cegion In space. However, We  can also pred

o anck focus  on any watt molecyir®) at any “point"

M our  body of wate ard FalK Tts moNe .



Coocept 3, conDaved ---

O while s "Zoom'  feadvre 15 inccedivie because 1k

allows os T©  se¢  microscopre  Watee pacticles  wibnn
(g W
+the macroscoptec. Mass of wakr, He Zoom Peadvre

alse  has  ofwer  magicl .Proferﬁ‘eslas descivech below:

0 Tre zoom Ffeatve allows s focvs on o SNl

wate moleclie  (n he v‘ca:on or o sec @ whole

cellechon of Mang  molecvies  oc 4o sec every sigle

MO‘CC()‘Q in "Hze— Cvth\e mgl S ot UUQ”’T(, WOV\/}

(maybe we shavig frgure oy how o munvhehre Hhese
and  become Pilthy rich? Buk only - we are PO I

at > 50% To combt ncome mequahtj\”/

) 'W\aq‘o‘,mn $o see individug! wate por Ncles is Ve

\m porteny 1o uvs  as aﬂ)\wd mathemea Ncians . SFeC‘.@\callm

these 1ndividue|  weder molecules do  occupy Space and| do

have geomciv‘lc/\ progacttes that can be measurec] \nduol\nﬂ

el s
Vv

v >
XY v W 4 . \ 2 W \/ ’r . ¢ W
,eﬁgl\ﬂ 2 widm / he»g h+ . mass areg " //VON(M—‘ P Surfece O(‘CQ/ ete.

(€or 3D obyds) (foc 30 onjectz) @ob



Conccpr 2- Pocticles | Coy\hrweo(.-_\

T In ovur case  we choose to observe +re ‘1"0? lqﬂer
of ovr mass of  watr and we restrict

oo obstevedons o a4 fwo-dimensional Space.

T;\\)S, when we Fuen on e Z00M -p(a‘hjrc, (}{ our
Maﬁrca\ Slasses, we see  eath wahke pavticle a> &

ciecle o4 the dop OF our mass of wadr.

/\ e—Individval werr
mo lecule vepresented
cis @ Tcieekh In. Spae
v 00 He top layer of
ove mass ot water (hud)

diomeke = h unds
(we might ol et

h s mego sured (o UAM = 'Dnem»

0 Tws  ndivtdua)  wakee mo|chle_ oCCupie_s an lﬂﬁcmf"klg s\

Greaw and has  n falkelg  small  dimensions ( radis, diamere,

Gta, civcumkrear nass) Comparedd To +he dimensions of

Pe  sSurfue ava of  welte “the. region we o Obs@f‘/‘n\c/.

macroscopi L

] Expenmcnﬁllj‘ we mwh{ Sa& 'H'C(" —H(\/Y‘C{'j‘o" we obsesrve. hes

@ oved measured in mexrs while —+he Size of €ach watw
molecule 18 measurol 11 micro mekrs so that  Fhe Wimeasions @

of eocn waks— particle are c{?ccﬁve\ﬂ “infaadely™ small Compared

A mIrC MGCGCcO Coirt redinn .



Concept 3 Particles , confaved --

O for -he purposes of our  mathemateal moclelg,

the diamers h  of ean potcle of Pluvd (wek)

beng infiadely  smgll  compoared Fo e Ovee of

Fhe region of  our observabon OF e MG (OSCoPC

MONo  of 4 conhaveus ﬁuco( ImplicS —+ha+

h s our  dhlkentla| element of Fhe  conhavoos

Mccoscopic  mess of  fivief .

L Thes, each  porhicle of wale has & mas

cOonen ‘)l"a‘h;d Q+ o S qgk 4 FO: nt ‘.\

B Wt thy a mind,  the  pnrases ” Plusel pochcle”

QAnck A pPoint n a -P)vfdn oce Uf\d{rSj\?Od +o

be_ Similer for our Purposes.

@



Concept 3° Porticles, conhave. ..

O A USQ’ﬁ)i Gna'os(j 1S in Order :

* Imagime we  Considec  Fhe interva)

[o,16 7 = xelR 04 X< 10Y

we  Can visualize  Hhis inYerval On —+he

ceal  numbes e

@ A]‘H’)Ouﬂh we Know +here a Rnd’elg mahj rec. | numbss

X € [o,10) , we might  say ek Whea si'ududlnfj ‘e

matrosapic geometry  of fnis nitrval, we  can

AXY

break vp e nlrwals Inle Pcfhc\e& [ submivals )

of )er\jh'\ lo’s—_- R !
10

109000

&

e Lol by lro’w—f5 105' :{ [ “-U['°’;,‘s,lo]

‘5\’ PO"HC‘L 2'\6\ PWNC\Q 3rCl po(hc‘c [as} ém\eu



Conccpi— 3  PoriHcles ,  conNoved -

O1f we were —hen deHemincel 1o sively e

macroscopic  behavier  of @ "eonhavous®  Punchion
F: De iR — R

W here ‘H\O_ dOMC;\’\ D = EO/ IO] = '2 / we m¥9h+
Conclude  Phst any Hme we conshructed & |imik
as h=o m\/oﬂvm\cS P Fhat  we concider He

Stee €1 of o fmt (e h-valus) Fo be

On  He same  ocde  as  Hhe widh  OF each

pPorfycle .



C oncept 4. Time

IO Time is &  measucement of ~+he SUCCession

of event> , o6ne  aft He nexts .

O Time Shows vp as One of the basic \ndceeﬂdC/H—

Vaf fa\o\es In F‘VM d ndmrc‘s. Fi}r exo\m‘glgl I-F

We  ore mode\mj +tHe mohon of q 'P)u.‘d/\ over time
in R

We  covld introduce @ moltivoclabl, vechoe- valved  fachan

- y 3
V:ibDelpg — R

gwen bj T/: v(x'g,z,t) — <p/ 8' S

= <flvyae) 9(x.9,2,0, hix,g,2t)>

‘o assign > velotdy vectoe v jo every  pocticle of £luio\

veoeiable

a+ ecch poar wm hme .

®



[ Concept H: Time, conhaved ... [

O One of the ‘PO\QCma‘hng feqtvees of  our
model of a Snapshot  of  the top layer of

watfr af a moment

in - Nme - . is . 4hat Our

modelecl VC)OCdy Ronchon

E = Flrm) = <-P(>wg),3(>wg)> = SRS

does hot  mclude  Fhe basic +me vortabk T ac

{nPu{—. This s C]U;}t Subtle . ,03‘1'1(16'/

an

we bhave

o \maamc —thet time  does exist rmflrcd'lj

Undesneatn our model  bA et we //rﬂvwne“ and Eu‘omss“

Ay mendon  of hme's e e on motion for —+he

SgKe of .S’lm‘:b'cH'j-

0 To do his, we can imagine our Flud exhibibs  beautifyl
ancl Complex  macroscopic. Mo over time , described bv Q

VG\OCH‘:} fachn V= .\J/(x,g,z,t), Then, we takKe our SnapsShot

of e surhie of e waler and ser

e time Voviable t=+4o
consyaat

anel e Z-vocicble 2=Zo Constont  so That @
Fixiy) = v (x Y, 2o, te)



7 W

Concept O Distance betugen porticles 16 “zwo

| F\“G“j , Pe last  basic concepr we will o agree oA 'S

“Hrat  when Si‘ud&mﬂ . maoscopie Moo ofk ou-
fivid , we agree ot e mass of Hra.  Prud s
“Conhaopus ¥ and  Thd e OrfFcuntial element of
T fig 1s He sizc oF Cath wedte povficle. we
also agee et e Bud 16 made uvp of a
Very grca% nymbe— of Indwidua( porticles, packed

d’(a\r\ﬂj "f‘OjeM(* .

8%% «— each porfiele has diamehor b
Wiich T Hhe difccentiod element
oF the mass (i.e. h << Acea
of Hhe rglon we closecve ---)
we might say, h S 40

InPrartely smclichstmce compored

Y He ovee of Te mass of Tl
O Whle +he damees h of each Pluiel pordicie s va flakly Small
Comporedd fo P Size measurements o +Hhe_ region we Obscrve,

+hese diametss are much lorgre compared o +he distances

bedwecn cachh ?)vrd molecyie .

&



4 W\
T When assigning - our velocty  veder, we shovld be

very coreful ! Norrnal\‘\j

(in .Smﬂ\c -voriable  Calevlus,

?h\jSﬁu, D&jnamvo/ eh-) _ 4he deem Vc\ocd‘j re focs

‘o e rate of chaa_ﬂc ot posihon  oOver Hme

Velocdy = il e )
= @l
=) o
b [u(tﬂ
= lm u(t+h) — ult)
h— o h

W heee he 'R/nchor\ U (“H meausers e Pos.'ﬁm {or
Cl(‘s?\accm(’m+) of « Sma\z ob\)ed— ofr < Po.n+ m e .
Ths  mode!  resides i +he sﬁ\)olj of dg_no\mﬁcs

S +he  model

assymes  that  we Sy +he
mohon of an object over a perod of +ime

(+ime 1 NOT

Syetic / cons%«r)’) ;

@



In PwNCulc\r, “+he diffxen e  quohens

U(t+n) — u )
h

Jepends on OuUr a\o;\\iv 4+ mMmeasure  the

posihea  ©f oue obyek atb  two differenr  poinid

In hwe £ and ++h  wneee h S a

it S1FC n e .

While —his - classic  paderprefedhon of - velochy s
quic hapf) In Mam IAB o develop  applicaton - based)

lnﬁfpreﬁtmms of denvahues aad Mk@mls, we  Caanot

Ve s (n4erpretahn  ta our deve lopment

0L ovr modc( o describe e ve \oCd\O Of

Wates pacticles In OGur Snap Shot of ovr Fived .

29



[ Si’“"F‘Ca“,j, ln OUr snaPsho* ot Plud mohon In

bur  region, we aece  not Mmeasuring +he  posihn

of eaCh droP of woate at MVH'IP'( Po.n‘\'s In +rme.

nstead, eacw drop of weoder geh @ Sn’ng])e

Posmor\ measSurement et D stafic /(o:\s-i—qn+ In Ovl

AL

/
P\‘Ct)\)&- ﬁus, 'Hw_ st;\(jnmcrrf‘ of a V@lDCdv
Ve U F = < Fq% conno+ depencl 00 &

Jdiberence quoﬁe,ﬁ— +har  requices  posion

diffeent ponts in +ime !

measvre meats  at

0 In S-hac{/ we  will do Somehnmj more  Sublte
‘b il c\epeqof 00 —Hx Posmoq M easuremen (X(g)

Ond  Qn wphcd  wekerence  +o  Tthe  macroscopic
Mo Doa of he 7clv;~d over  Frone ﬁ-}\mL//e)(ns%w(“
before and Qs  Qur phots was  dalken and wll

o designed 1n¥p  Our velocty vector. @
| 5



T First, we

niDduee & coordnate SysHm oat» D eR*

/ N
o 4hed Yo every ‘molecule of wate  contamed 14 D

WL o Assign &

be wrirHn as  Gn
(x.y) e D
W heee X,& ¢ IQ .
7  Nofice Since X,y € ]R,
Of tlese numbuts  mus+

Choices or %Xt

Choices for 33

7 N
locahon .

ocdesed  pac of

veal numberS

we Know Ahet ealh
have o  5ignh:
x 2D (x Fos.hvz)
-8 (x =zwo)
X <0 (% nesah\JQ)
y>o (3 posihe
3 =0 ( 2ZCro)

%0 (y negche)



O The Chotees for  x.y € deptad 00 our  Imposeq

coocdinck sﬂsﬂm [ whee we place  our G Xes and

hoo we  egncode posdins  as numbess) . lndecd, for

our ovevior reaiof\, "H\Q FlacQNmL of e

Covte sion ~ bosed o~ XS and y-axs Nes VC("Hj

ditkent effecr  on  ea(h (xcy) ass]gnwm‘ “Fhan 1€

we VS o Polor—‘oo.&e_ (e, @) SgSkm.

1 So we can uno\cd&r\( et be fHre we Ve,

enee  constvocted o modlel E(x(@): <t 9>

17 ~

He e VQ\OCH‘I of cach wmolecule o% our

Y
P\v‘.‘d( we. have fo  Consdruct a  posihen fnehin

indhwidd
Pc (molcwl:;l)

M Fegion a3 (‘.X__\:__@)
N +his no faboa GSsumes “+het
we  encocle ?os.’ﬁms basead 0N

eov esiam eogrel mafe s

jadividved = @
PP ( molecyl e > = ((‘ ¢ 8)
0 rtgnm )] C——

\%\‘7 noichon $08\3<’.8’h & Pc)lor cocrdnale
Sysiem o hadk pos.f1ns



O Then | before weve evec Condrvucted a veh©

'PTcld, we've intvocucecd @ /Pos:’nuv\ Rrn c Do

PO
T

/]

<'>( (Ko.)

\

\nP\/\' 1S an )ﬂdt\”duc" ou‘\’PU'f 75 an

waks molecule  Ram ordeced  pa of
B .

r‘eawq De R real - numbes

( Y‘Cc<\) (5 a Chosin

coorcluic SY sftm  and

e sufement ‘]fchn;\ClUCS)

74

jz?{‘s 'W\Oua\(ﬁ Bubble: Al moclels  are ch)ﬂﬂ bt gsome
Moclels ore vsef\ ™

n %NYQH\O SPQC\K‘”jr Fhe  assumphon Fhet !, as @ modeler

\ FL
Can ndemﬁ] eeth  (ndiwidyal molecvie of watte DER

[ propostwans. As o human be‘hg oMy Seases ot noT de”ff"“‘

/r

< W ‘v " }
= Sec , "’OUCV)/ oc hCou‘\\ "h'\e IOQQh(M of lndl\/\dUCx\

maleculces .

O Howevee, +he QsSumPNf\ Fhet | Cun L mpOSe posihin measyrenendS
to differeat  wedte molecules s not Completely absure as /0A9

e | om C,l(ver/ Inden Honal , and ’\%Odﬂh'}ﬁi) Uidn My

asgumfhms , @



U For examgle & 1 want o oLSs"}ﬁn an indwicve)
molecuie o \DOS\ﬁO‘\ (Kuﬁ) , | mxyn’f {‘CC{\)JQ

m&se\% mt o thiml  oa an atomic <cale

«
W hen W\@asumi(j posihm - "Thes, g View 1S

NOT  {ocused oa protons, elech@ns, aad obals (which

Cequiee Ienjkn meaduremeuR 1w the  fange of ansicoms

o In | angshom = 0" mervs = 0. nanometss = 'OOF"Co“‘“t'3>
3 See wlklpza(ﬁc\ Oq’ﬁCtC on

” ocddess oF majn- Nele®

n lnSkad, +0 o&s‘qu ;Pos}‘hms o  Individual  moleculey

In my Aud, ) might Scs on CSSigning ocdised

-6
-3
?O\fs (X(g\ where 0Om< x,&js 10O m . Recall

0 m = 1/«Am= | Mmiteo mere

0" m = 4 mm = | millimerr.

&



0 Now, lets visualize +hs Scenalio on o Simple,

g
for o w
f\Q?IC}Qr\’\‘aﬂVC T@g (oN = \Q w\d"t COur W a

g W tadi e
can PC\f‘h'\\O’\ Hl region 3 4o comt eachiadivicua]) w

melec\e:
D00
O 10000
Q000D :
0] 0] e]e
ele)o/elell
Q10000
910]0)0]e
O 10000
Q1000
Q1001010
QlOICOI0IOI0ICDOIG
O LOOIOOIOIOIOIOI0IO
QOO0 0O O00

=

QOOOI0I0I0IOTO0IO

; ol " ‘ w wo‘w)
Lets Zoom m a fows on o specitic dcop of our Flvid ( 44
hlghli(jhka( in yellow above.



FO( +his drc\o of "Fluid, we  Can visvalize +the Ve'OC{B

Vechors Koo the veeror feld. To  This end we will focus ©a

Vc\ou’r\‘j vectors  at H ”pomhu on dro\o of water:

I

L_l. LQ‘\"S Cinquzc— CCLCh O£ ‘H"Q PC(\FS ok VCCJ\)'S se?a.cdciy +0
gek o Sense ot how  ~the ve'oci\n vedor fleld mig h+

Cavse micco rotahoas  of  each  WOHS drop.  Remember Ahat

(8%

poor ok e deoce

<

miccocoteDons  0CCor  around The  ceattr

N an ARXHs or h\oaona\ o He Pl"l’\ﬁ.



0O We besm by ConS?der\nj +he VClOC(\’\g veehors In

-3

+he  dwechon  of L Below we Intvocdvce notahen
to  help s desceibe  this  sifuahon

powt (x‘,g’rh')

)

Diameher .

lenﬂ h

=h

O FEacnh of -Thes powts has «a Veloc'.*j vector ]E'-(xlg)7<‘P/j>

.Ff‘orh “he ve cror P’J ?,\Cl . ‘V\ oUC Qn aljS'-S h((-fl we wh i\ FDC()S on
Fhe 155 com poaent ‘P(x’(j) and «P( x,g%h) which Pom+ m
4he U Jdirechon . When COnsxcle(mj Hhe effects of Hhesx velotity

Veclors  OR micco rotahond,  we  have  three Scenacios to

considec



SCQY\O('\O 1 ’F("15+h) > ‘?("’U)

Fix, y+h)




Scenorio o F(%,g«vh) = ?(X:g)

Fix, 4+h)

P(x,ﬂ)



Scenario 3 ’F(x,tﬁh) < Fixiy)

Flx, y+v)
—_—

‘F(XI ‘:j’)



ElNex*, we can conSicler +he valoc}fﬂ veelrs jn dhe  direchon

-~

of | . Agan  we introduce  notehoa o help us  Visvalize

Qndl desceibe  4wis  Sitvahon. Notice We abuse notahon o b by fevsing

pont (*,3)—9 & pownt (x’«l-h,y)

O Once ajc\m, we Know “+har each of thes PO"‘B has o ve'oc‘t']

Vecior =g <4, 9> fom e veckr HReld. In our analﬂsml

we now PDC\)S on “+he 2nd COMPOOCM'Q 8()(,‘:1) & ‘j(XﬂI—H,tj)

WNCV« POm‘i’ In -H'\e, J C‘l\rcchon.

0 We  went To S*vo{y and vadessttad  He  effecks ofF  these
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-
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Now . imagiae +het at  eah poiat on dhe  ntcrior  DEIR
we plac o small disk wh « rough edgfL and we  coasider
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Examp\ci Macro scopic  votaNoa  wibn no  microscopic rotahoa

let Fleep) = <oy, x>
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Indeedd we see  that  this  veche fidd  hes non 2¢ro

: . Py
Civcolehon  on curve C:, }eod\nj to  a meacro votahon

phenomeng Q'onﬁ +He Cyrve.



