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Proof of thm 1Y . --)

Then le¥s consider

b)Y = GRE)) = d(x, ywd

(

¢ (1)

U

&l P
Cﬁ[d)(r(t)ﬁ

|

=
I

4

™

X

&
&

&
|

b
%
s
k3

di

=i /L‘b>~ < ®'iE)

I X é}j d yr(t)>

~——

VCP(x-(e),gm) e =/ (t)

/]

= F (xt), ywhe R (1)

(]

FirllY « 203



Poof of +nm 4.4 . .)

NOw, let's con s der Hhe  line m*zg(c.\

[ F

ik
\
al
o
o
w

G ¢
f F(R) - FE) -4, de
b
J r(t e V() di
Q

b
f d% fcb(a‘(ﬂ)]

= GrM) ~ b (F(w)

= 0(8) - d(A)

This s Qxacﬂﬂ whet  We weaated tv Show. B

&)



ExamP)c 14.3.3 P 1082) ’\/em?j pcd’h lﬂd{fend(n(c for line
mkﬁrulg of consenvah ve vechor ?“)\Ck}L&

ConSiclec “Fhe pokﬂh(x\ fuachon
Ct)(xlg) ez (,___\Lf-—xl -y°)
2

Notic +hat Fhe 3ma\:cw\ Reld of Cb 1> givea as

E'(x/g) = $¢(ng) N e
A Let C1 be the /quc\r\'ar\ ciccle C\‘,"'ff".(t) : Oé‘té“/z}]

where  F@) = < cosld), sn(4)>  whose mital pomt s

A(l,().) = r"(D) = L , 0 Qnd whosa +ermmed PO"H’ is

B(o,) = F (7)) = <o, 1)

3. Led C:2 be e line 5€3mcn-f‘ q,_= {Fz_({;) o2ty

Wheee P () = &1, 0> + t-<=1,1) = <1-t,t> connectry lnifial

pont  A(),0) 4o +ermincl po.nf B(o,l').

Show  [BTds = [Fids = Pla) - bp(A).
o}

@



EX&mP\C H.3.3 p. l087—/ soluhon to Povt

Lets beﬁm ‘53 Cq\culahnﬂ \rE

)
i

= LR e 02k

N
NE|
<

= fccosy), sim(e)> ¢ 0% £ T

i

T <), X20)> 04 £ T/2

?“(“%% B{o,1)

A)

Tds . Fiest, we visvabze

curve Q

Now, we recall our desired hae tetegra)

dot pre duck

f%'?dg - f FCEH:))‘ .__E{('H . dS

-

T(+)

f Flx@), ) « 28
¢ e e,

= fﬁ(x,le),ggfxﬁ e V(1) di
G,

2wl dt
L__——V.——’-——J
s

T <xw, -gd> - < ), yrior> de

J <@, msay> < -sn) ) cos (1) > dit

q

t

-
/7

A(I,O) = ‘:‘(O)

(3



Example 11.3.3 p.1082 , soluhon o pork A e )

= f’f:f'ds = f— 2 Sin(t) cos(+) dt
q. G,
/2
= J - sin(2t) dt
S

Side nofk: Double Angle Formula

aml{2t) = "Swnit +1)

= 2wt coslt) + cos(t) s ()

= 2 sw(d) cos(t)

= cos(2t) |72

% _ZL (cos (2214 — cos (2.0))

A (cos(m) - Cos(o))
A



E‘XQmP\C 'L'33 P l082/ SO‘Uhon _}‘D Far+ B)

We conhave our worke oa S exampl by calevlahng

oVt |ine lnﬁtgra) f'f:l:("dg Once cgam, we Stovt ovr
Ga
work b\j V?Sua\azw\ﬂ Our  Cufvi (0
R =B, cueve G

Cz: {Fz(ﬂ: 0ct£1] ' 5

= {<1-¢,¢): betel]

-
= { < xald), 4 )> - 0t e

A0y = ¢, (0)

Now wWeé ooleylake oor cleswed  liae tteg ol
det product

~ = 2 \L -,
F-Tels = f F("z(t)ﬁ o 1 (£) Js
d). Gl Nvs (£) e

T1+)

" \f Fxa®),y,(6)) « 28 2wy, dt
¢ N

= [ Frw) R dt
i

= J < X k), —32(1&)> <k (#) 8;(¢)> dt
G,

@)



Exampk H.3.2 p- 1082 , aaluhon o port B .nr)

7 fﬁ-ﬁ:ds o \r =% =3 s g, 15 g
G, c,

{
o fi—t -t d %k
0

= ~(1-0) = ~)

= | FTds = [Faaydt = [F.d £ o) j
<A

qz e

G



ExamPlc H.3.% F.IO‘ZS')_ , Thm 144 onalyss e

F\na“v) lets Qaalyze Hhis example Using our ideas Fom

Hhe fact  Hhat E(ng) = %Q(Ng). for Qf\j Smooth, artented
cutve G 2D Rom wirtal ot A(,0) $o  dermaxl powt BLO)1)

witn  G={#(): a¢t2by e R(@)=A  ard F(H=B, wehave

Jf-:'rds = f‘ﬁ(;m).?'m dt
c G

- \r ﬁd}(ﬁ‘[t\) Ry dE
G

b
= f d%[d)m] d&
a

b

:fd%dﬁ

G

= QW) [ ’

Q

= O(F®)) = (F(o)
= d(B) -~ G(A). (39)



Example 14.2.3 p- 1081 The 1.4 Qrclyss .-~ )

= @(O,') e (f)(l,o\
i (oﬁ-_ "2_) ” ("z_ol\
2 2
e T Ly |
5z
= CD(B) i CD(A) = -1 ,.‘-/

=) j Fedr = (p(\%)‘ bA)  and  we have con Himed
G

pam | adepend cace for  thes example .



Line ‘nk\c!(cds of  Conservahve Vector FeldS on Closed Cuwejf

'n our Pf‘t’.kus Qnalﬁs.s |ead\f\9 vp +0 Thm 4.4 ’ we

G sSumed only +het G was a Simyple , smooty

Octented QUrvQ Rom  pont A o Poat Il PO

i

}")OLUQVQC) wae can O‘.SO C'Ons',cle( l/r,e /n-}—(gra[‘(
conserva hve  vector  Pelds i Simple, closed

piecewisa - smooth  orenkdd curves G S D, b\‘j Q‘H'Cmpﬁrwj

1o calcvlak

F-Tds = F Wi 23] de
e (e
c @ .
58 Fo b NE )l dd
€ N3¢ )”z



By thm MY, e Know

§ E b Cl\i = q)(B) . (I)(A) Mt - BYRCR E 1S conseivahwe, we
Know ff $CP and we apply
G Thm 4.4

H

Cb(A)"‘ (D(A) &—— Ginte d s closed , we
Know B=A

fl

Ch o

—

Pﬁ\‘\s s

Q S"h/ﬂm'g conclosion:

We  Knaow A can be Qn Qrbtﬁqrj po.at on C)-

Z N

We  have :JUS" shown , via a  rigoross mathemetice,)

arguwfﬂ i

that  +he = linc /VH‘(grq/ of Qoy

conservehve vechr Beld on a  @losed curve 1S Zero,

Teff'e -‘HnouSW bybble ¢ losrcal descriphon of +he  Cuaccpr defahen above

2 The above denvaho actually Cacodes o

(0oe - chirechonal) conddiNone | sttt went
m e e P= Q given as follows:

= . A2 = | i closed curves G €
I F is consecvehve , then §F-dr =0 on all simpicc G
' G

PfOPOS-h on P k_______-——-v——V/—"—’"'“"—‘—*“— —- St

?(opos-hm (& @



—

Telf's ‘H\ough‘* bubhe : logi(‘a, descriphon fpr gﬁf-d’r’* of conservehve F
G

[ Wh;‘i {0ne -clwrectienc)) condihonc Stotements G 9000( stovt)

mothematlcians ofkn PrQ,YI for \og‘xcal eqvivalencc ot
fwo ?{DPDS’honS' LO@\\CQ\ qu-val(ncc MmeGas that we

Con encocle & theoerm as  « (fwo-dvechacl) Picoaditonal

Propesfhof\ M Pe 'R‘)!‘”) P(:) @ which 1. S C(C‘NC.[M

+wo (Onc-d"‘CCho"C‘] \ condiNoacl Stattments

P Q <==> ‘. P= @ AND

ko &P

We  mioht  ask oorselves if we  Can malke oo orgunt at
N| g

"/”‘ m OPFOJ“,(JQ d\rc_c hOf\“- in PW“CU\O\F/ w M'(jh’}

as¥  0urselves waatr  wl o SQ:) ;(— §F.d? =D on
'

¢

all  close, S'™PIC  precwnite-smooh  OCienbtd curves  tn rEgion b

@



TO answec "hms qqu'f'(oq' [ ets ma e S 0me aSSUW\p Poas.

Let E‘»DETRz ——9@1 be o Conhavous vechor el on DE g%

Let Alge D be dishact poats on +he interior of e

open, comected cegion D, where A#B . Let G iR

ClOS@d/ Simple, octeated  Curve cons.s’nn\c‘ ot curves o

Bl - &' w R

SM?)c
(B Q; isS a L Smooth Iomenhrd Culve Gom A B

8] C,; > & simple, Smooh, ortenked CUVL from B o A

B e

J C. docs not (ntersect any ponts on G2
(except ot he end poats)

Fl_nq”\% , Supposa § Esde =10

44



1

—n:\€ﬂ @)

i

G|UGL

= 4 hae 1o kg red

Summe Volue o0n any  two arb.’i‘ro\rxj/\pa’ms

= 4he hae m*cﬂm)

f
1
L"‘?
Tt
o
Tk

/]
ety
Tl
a

of E has +hae

Simple

(= PQJ’h /1N depef\cun’\’

'Clz

witn  opposiie

ortentution Bom poat
A to pont B

where s thwe

Covve qz_

froon poat A TDPO.M'E

@)



= F ™ cooseevahve bﬂ +hm 144

= dhr exsts  a @:DS\RZ —> 1% such That

ﬁ(x,%) = ~YJ7(ID(><(<9)

This gives Us & bicdno{?hmd Stectement -

Wm .S Line \nﬁﬁra\s 6o N Closed Cucves
p. 1083 4

Let DS':NQ’L be an open conactted reqion

3 2
let  F:peiR*— R be a conhayoys vechr fieict on B.

~

The vectoe Reld F 15 coasecyade 6a D

it aad Oa(ﬂ 1+ S]F Fdi = 0 oa all
G

Simple, closedd,  piacew 152 ~smo0  peonbd CUcves
gD .
46 )



Summcvj of Pro\mf“% of  asetvawe wvechor  Helds

In  Phis lesson, we have established  “equivalen cies”
between  Hhree  propecties 0 conseevehwe  vector feelds

F-DSR> —>I1R"  on open , coanectcel agivas peR’

F‘rope&ﬂ Iy There  exists a  (scalor- valved)  poteaTial

(petnhon of Lrachon Cb; peiR? — R such ~Fhat
censeryehve

vechor ﬁ'eld)

Fixw) = ¥ (9

Propety 2 Foc all poats A B€ED and all

(patn depeadence) Piecewise , sSmoain orreatd cprves G ED

fon A~ R we have

[ 7.4z

I

gb(e) - cb(A)

Cl\ valve of  lae rategrod
His 5 qog Stays coastuat  1ndependiar
O?bm'ur_‘j o He patm wi ey |

Cuvve

@



PFOPQ(‘\U 3: For all SiMP)(' closed , P;QCQWasqfsmoob')/ Ocrenttd

curves CED | e have

fﬁ.ds =

G

—ﬁ:)@n’ we have Crecded  multiple Mmechgnisms o Cla!Szﬁj

Conservanve T lds

( Pan Indepeacle nce) ( s

F S coaseryeN JLB

f]:.d; = Gl - ) Fix) = Vhlxn)
(Thm 144 )

(Thm(‘l.S)
G



Execcise 14.3.33 p. 1085) Line |n-kgral of a vector Reld on «

closed| cyeve

Evalvate  4he  line 1ategral ﬁf—.d}’ for 4 vechr field
G

E(X(&j)r <X‘,(j> 0a +he cucrve

G={F®D: o2 teamy

Where ~) = <Y cos(t) | 4 osmlt) > = XY, y(e) >
Solvhon: Let's consider

SB i eglE - E j[; Flzt)) - T¢) ds

& q

h jE FO(FD)Y . 2% n@ion, dr

-’ e
q Ir ') i

= § Flxt), yb) « B0E) olt
'



Exercise 14.%.33% o 1085  Soluhon )

27T
! Eode =
PR 2T D OB, RN 5 K R ek el
e o)
27
: fﬁ CHocosth, Ysinhy> < - Ysialt), Heoa)> dt
O
27
= j; 16 sinld) coslt) + 16 sin(4) cos(H) q+
o)
27
- \(fo dt
0
=.0
>  $F.df <o
9
= E 15 conservehve  and }-:-.'[x(%) = Vd)(x(g).



Exercise 1H.3.33 P [0S soluDim ---)

3 Knowo
We can g Rrtner, Sinee W

Sqfd?:o = F=Vd
d

Wwe  can earchh o4 (D(K( 9) \_)5(1\\51 OJr PrDCQC{\)N—

To this end, we Wnow

Ve s <, > = <x,y> = F

T Cpx = X
=) d (xey) = J x dx
= by = X 4 ey
R
_:> d)j = C'(S) e ﬁ
= C( = yg) dy = d = 2
g= [ewdy = fydy = 4

2

=) ¢(x(9) = X2+ g
2

1q.3 p- 0BV



