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Math \A : Forwaerd Preblem of
Ordwnacy Differen ttahon

"é"(F(%\] = f(x\ = F'(x)
dx \ N gt o
; desiwred denwvahve

ordwnary Kaown Loachon
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facthion
operator
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Math 18: BacKward Problem of
0"4"&4’7 Aatt - diffeeen ttation

“

-‘i[F(x)] = f(af\)

dx
/ \ Kaown deeivahve

ordwary UnKnowa fonchon
decivatve and deésired
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Example |:

chl the ‘FD“ONIﬂg an‘l‘f denva'hve

> differential
X cos(x) dx form
wbeq col 1
sigh J \N\'!s'Md Note: Since +heee

ace no limits of

Solvtion : hrgrahon, e
classify this &%

mdefmte miegre

et f(x) = cos(x).

F(r) = fcos(ad d x




Note that when "Solvmg" an

mdefinile nwl-cgml , ovr fAnal “answer

iS aan enhee class o4 fonchons -

Icos(x) dx = Swmix) ¢ C

= fsln(x) +C ¢ ceﬂl'ﬁ

\+\m Is a Set+
of fnchons

In othee woeds , for indefadt Integrals

‘|'ht. Ih'-lfegrql acts as aQan o’nm‘hr

f[““‘] dy = F(x) = AWx)+C
,

»
Y o clusy |,
Ty o Ruachoa oﬂpﬂ_ Ty



Math 18: BacKward Problem of

ofdmary Ant: diffeccatiaton

The ﬁmda menta) Hheorem of Calevlvs

let §£:D0eR —m R be

0 conhnvous fachon on D= l'a.b].

Then +he Qreq fuacthon
@(—— Vpper bovead I8 varichle

Alx) = Jf(t) dt
Nt

<his s a foachon o
of vaeeble X

IS cConhnvovs oOmn [a.'b] and

dibfercattable on (a,b). Morecover

Alx) = d [A(lﬂ has Veey special
dx Pcopef ttes.
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= {(x)

D Alx) Is +he anttdervahve of
£\ on [a,b]

= i[A{x\] = f{x)

¢
wdefinike m‘\'tgfa\ procluces Pas
Antidecvahve  Fuachen”



T\\US' the Solvhon' o Q“
anti denvahve ?m\-\m is a

class of fuachons

dns CoOn Sttt
/ sinte

F) = A(xY +¢C if‘]=°

geam.\ Soluhos QR ~vader
i e cvrve
Ca Qan
‘P\luchc«
antidenvatve
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Example 2: Find +he area uacer dhe curve

vpper limit of mkgfd:u
f cos (%) dx «— differentrel form
gt
N
lower Limil mhsﬂmi
of mﬂguhn

This IS a defiaile \nhsnl.‘
The *answer” IS @ Scalar
represenhng afea vader a

curve.

Soloﬂon: LC“"S bCS"‘ by S'GPM’ R il mharmd
on the f2310n D= [o, ]

oS Seen On <the Oollowmg page.




W want to Radd toirl Oreq
undee  Ccurve Pixy = cos(x)
o~ fegion D= Lo, 27)

which t> Sum o4 piye eand pimk

a=0

W-’) vPPL." llM-F
_0 5_ lower Lo b o |r\Kgr‘:ln’ﬂ

of m+e\(jrahon

—=1r

w
Using this graph we guess hat j cos(x1dx =0

&

We Confirm this via the Fundamental thw

of calculus:

w
_f cos(x dlx
°

"
Sin (»)

swm(m) - Sinld)

o -0 f'o,!'

|




Exam‘;\c3= Fnd +he acea uader

+he curve
vpper limit of integration

\n
ln*canl Sin —-’J‘ COS( ) dt Q—d.{vamﬂa\
e
0

, \ initgrand

lower limid
of integrahun

Neote: +he momend we See
the hmits of integrahon,

we ems:c, s as g

defiaiie integral ... Moreoves,

we make Some Suvbde

asSump hons v empower

amla $is.



Solvhon: Let’s begin win a graph: |

Thwe blue orec 1S

l/"H\e. 0ae we Want

0.75+
0.57
0.257
B s Al i o il
| cwec Lmt Uprzt‘ \nm»\f
of Mhamhof\ ot |n+(3m?\oﬂ
Using the fundamental theorem

of calcvlus, we Know

[ cos($)dt = 2 sm(t) |

=2 qm('),) -2 sm(0) g
o ozl



\/OU\ m‘-3h+ have  woticed a P-ob|0m

wih s defynk inftgral  Ahat cequines

vs o ik Slouﬂﬂ '-

VPR ISt
ot lnkgra‘hoﬂ (Poram

Anput
e

eferzed )
o \nkﬂrcmo{

c 0S (-%\ CHZ & (nonpwqmc‘h”ﬂd)

S dilicenna] form
o in JrcS raad
/\ Qo“'ﬂ
N
lowee [y d (Y}b‘\ o= A0
C‘d el é’w
ok )ﬁkﬂf&hm o‘&«\ . 0&‘_\,0
oR ?‘?(\WUK
\_(\ \“ e"\
?Q‘Q/ S ]
: Rﬁ""(

H: we  Set 'Y(x\: cos(x)' +hen

Wwe See “he CoSive ‘P\MC‘M/\ R e \'\‘)'C%IICMOL

In The QOLS:) Case \Y cos(x) dx g - - R %)

Howeuqr, Our \-{e 15 not So east)_
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RQW(‘H’W\ﬂ ™. lnkgrq\, ‘we  have

v N
, vs not a“puet t varablc
$he Inpur to cosine 1> pv

’y \ /

c05<'§'_‘3 At == h dibkente) form
dt Soggesrs e Wal

-~
i
=

T

“pure t\\
Y w Yo \DOFK w o ?U
t=0
variables -
tHhe himits of
\v\~’rc9ra‘hon Qe
assumed o be
NP\)re\:j“ i ‘t‘

(non PWCLmC’rLc.‘ tcd)

| wil) beg oy T
Roerm @S SUSg&STMg

As we will sec,

dyale @ bout Hhe  diffecennal

rl . LEN \
mechgn »mM 1o mecsure 312zes (or wc\gh%@)
@] i

YoNG (_
of  Inkevals  m the  mmpd domg.a Space O

+ed
b s thak  the svgges .
\V\*'Cﬁ!‘a\- T T \:\’;
312%c  cecommendahon 15 not aligned CMC‘H“J with npt i



How do wae dedl

Consider
uppL ok of \nk(jrallor\

S | L=7

f cos [ 3) d

3] o
\owef |,m.+ O'C
|nfcgrcmm

(o,SSumed to be
Wi respect To %)

/2

"H\Q FDHOWMj

il
< 2
()Y
R
—
N~
d—
~—
. 1
=

ThS ¢

definte \nk’gral

-~

U\‘— subshivho

v

Lol ltdy = &
5

— = i d+
= d% -+

=y dt = 2 d¥

CGadl  we Know *

= T = X()= Xx(m=T/2

=0 D XW)=%x)= 0o

cos(x) - 2dx

= Jvz - cos (x) dx

O

i

X  Sin(x)

T/ |
- = 2 (Sm(ﬁ/z.\ - Sm(o\) :‘ 2.



V\/ARNING(: W hen \ WGaS 1IN I/Mam lB\\ at

UCSB ) | Femember mj Fathec

told  me

" When o'o.r\ﬁ U - Su st

30@\ Can VSR e (’Dllovu.ng SHeeS

T
\(\coS()C/z\ dt b - xlfio=iE
2
0
5z e
d p
= dx = L dt
2
ﬁ'l At = e

" W . N
de K 7 PI——— . | T . TN moltiply

both sides bj dt .
NO \

Hisis absurd ! dt is net 10 we do dhs, make SUre

o dwalt  and ape™P” tately

a el number aad TS

‘he wmtution in R d()ls

o Ccovat Ror valves of
o agply  rigoresly here i\

\f\*ﬁﬁjrq\ hoads .
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Thetk  advice  was  Complele Gnd

ok,  hoaSense des (gned s gef

[ Hle

Me ‘H\(oua h Mt ID W i @

[ even ok Tu expease

Ffrc’ﬂm LS pc‘)ss‘b\e
Dk decp \Jf\dﬁrj‘}tmcllr\ﬂ)_

\ndeed > Lol shet ra M

no! llega)
/Ca\bmk mtvinve)
_?l_t - _l- =) _Cii(_ ‘ C“: = __‘ c(-l;
L y Ak 5
:> C‘[K = ’_L C( E
p A

NO'I Not I\ Ke s

(h\lb\o.s} [tng 15 whatd we wend -
e steps 'h@m—h«m_ act WOv \/a\:(ﬂ
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|'\$'|’CQJ, oS We¢ worK +03¢1h¢r, I will be

CﬂCO\)fﬁgln’ you + develop mdvitton Qbevt

+he differentral forme Wwe VSe N all mh‘gmu.

For now, | will encovrage You t analyze

the notahon More cacefMlly .



Am-l'omy o@ on ordman, v mhﬁ rql
vpper lienit o mhscaho«

b e differential form
J‘ {(x) dx

g \ m*esrand

/

lower limi¥

of w\'csmhon
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Note on the dx  notation :

There are o few useful woys o

+hink about +hit netahea
. referred to as a  differenttal form

dx  indicates we Qe inteqrating

With rvespeet to X : when we perform

our 'lﬁ‘h.’ P'.c"s

b
J fimrdx = llm i F(*:)AXK
'

We measure the Size of ntervals AXx

along & pain On x-axis,

© delimits +he Integrand (indicates
Where the wiegrand ends)

. | want you to Hrunk ,abw: is as
a Symbol to represtad “Siges \n domamn

LO.D2D



In other woerds, When we See

/ m-}(g(;mch\
/ e
‘(f\ ‘\,Cgrﬂ /,)J‘ F Ju
%\:&mbon \
D - difeerenthal form

/
\’C‘C’}lo\ﬁ In dON‘d\f\
over which we

WH |n*’(g(CLK

where 5‘9_‘9“’: S R

\__,ﬁ{____—d'
mulfiele & mz\ - real -valved oovrpvt
(\jar:ag( e m>) o VCC“Derc(\uecQ o»"f\%”
\nput
o N
the Symbol immediakely afder dme d
o~

d u A ta)or part o
will encode lots of juicy mfo. Your :',ob“!‘i

m tas class 1S to  Inkrpred s Symbol Oﬁ.m



In ove Simple case, +thmk of dtia

"

Jcos(-}f) dt = Jf&k

o
QS G ﬁ'nt‘hm t= t( input 1o '\n"}(ﬁ((‘gl)
defimed onis on the qgomﬁvtc ob)ect

£hot Creakts +he domain of wmigrand

t/*hera s funchon t
COS(‘;) = cos(-;)
//
here 1S Vo pUY
o 1n \—(\osr':;\
*alan : X S t
We want these o olgn T

= t(r)= 2:% Lo,p2



This  fonchion t:D—R

Gnd  the Cbrmp«d\as dificreatra) foren

Notaiion

d@ = 2dx
Vs

measvring doman

e o

VEgRA. N E hSupiee s 3‘&310«\ e as i“"iﬂ as Meug)\)f.}\tj n X
)| vs how Wwe Shovld mMeasvre +he

7

SI2: (or wetgh*) of objeel's m e
domaqia V‘ca'o« D.

Habi+: Spend at least €0 seconds every
hme you See ine “d"
dl |
05King yourse (€ = What doo ‘Hls} mean

nlha..n c as WY INET N



Moth \8: Firea vader +he Cueve

Definite \n'\’cami H

in Ma-h.. 8 we Shdied a reloted

Pfob\ln Kwowe a3 deﬁ»-’re l\\-l-cgmtw\

’ \
o find '9'“ vnder o Curve 3,

*he form
b
% L\
JN"\ dx € [R ¢ the Solvhoa %o
aQ | Such o problem iS
— )
Net opee, Under curve A 5'9505\ Scalar

&UQ e ?rcxv\\_s
PosthVC (+) veu "P'e s'“tnq an qm“

/

e

[ § \

Y Red v peesews ﬁtfsQT\o«; ¢ G w0 .P]



In order to construet the Single -vaviable
dehnite

¥ mtegeal, we Stack by S‘l’vdyms ‘he

pro blem of ComPuﬁns areo ‘undcr“

@ cuorve. To do so, we let
F:DER—R be a conhavoys

'Funchon on the inteeval
O=[a,b)] €MR

Wheee o,b eR with a < b,

Lo,pl



In order +o create a Fimite O PproXimahe

‘Fbr ovr Qrea, we BCSM by (onsi'w'hn,

0 general fade parkihon of the Jdomain

D= [a,b)

mto n Subintervals  +hal ace not

“QCQ“mﬂ’ eqw.\ m Icnal-h“ :

AsXe %o Xg oo Xy X v Xaa ) U

Lo, P2



Since we read lebt h right, we

Suppose aur ocitatahor is  Such that

A= Xo € X, < Xy =< Xn., < Xq =b

Nyt Rpmagmemeseosd
112 CndPOuﬂ' rlsh"' endpm
of O of D
X X Xz v RNgay Kk Xae Xe
orientahon : = —b ¥ posi‘\’wt "NSM'“

A
towarel +he

In other words, +4o take a defaite
Inbegral, the domaw space D =[ab)
iS assSumed v be or\en-\'ed (we wil!

retyen tp WS idea  Thcought +he couse).

o,



In t*he Sumplist case of a domaw
D= ['a.b'] e R

Hhe  Orientahon  Cepresents Q@ MeChqaise

to assign  posihwe Siqas or negahve

Signs  with refereace o o patn

travele d podhve
*.3 o ——_* Aas= B
oenentahon Xe o
negafve
) $3 LN M Xa<h
S0
oricatahn

Lo, p1
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fty)

Avea ofF e ,_ X (nteeval m.,.mmq

Nnnkﬁ@.? % A70m5%¢ A

F(xrT) x AX%,
T

£ (xF) ¢ (ximxe)

i

i

To calcola ARy
we necd 1O &SVme

gpecial 1S

3&9.&
mo:& On In

domain Space.

our

%o s (4 | X7 Ry

Lo, ’ﬂ-‘



In +his case, the subinkeevals are Jiven by

1st Subwiteval: [x, " x,]

2nd Subl\\l-uval: [x. . X;]

Kéh  Subinitevel ¢ [%K... XK]

n"k Svkmkrva\ 3 rx“.q ’ x'\]

No'hcc., wWe maKe +he assumphon that the

domain Set 1s oOriented (ordered) 1w

a veey Special way

Lo,



Tb Crea¥e a ‘F\Mk QPfMXImd‘hM

fo- the area Under -the curve, We

-
Choose a  represeatuhve powd Xk

\n the K sSub taderva

X: € [“k-\ ) 5(&1

Ti"“o we Sample the "l\ﬂgh!"‘ of
R
the curve aF Xk Gnd  wulhply

|’\I the 2 Orictated Ngggm» ls:u) ol he

Submitrval

I.D,p31



Then , the definile mhaml is a

Lhimit calevlatrd Q¢

one Undefly\qa asSumpix
1S thad endpomh Stay

Fl‘&(d Wo‘\

%o B Q
Xan = ®

= lim 20 f(x?) - ax
40 k=

wWheee A= Mmox AXyg
KE€W w,ps






