losson 1> Mulvanable opﬁmizaﬁm Yonnu chen

|- Review the methook of  ovplating ~the Sguares 214

PY
A. Write perfect Squarec s le’lwivalwd/ N homyjal in frm X1 4bX 4
0 @-4>>
lsoltion]  X*—8X+(6 b= -4 , C=1b
U (X43)™
xtéxtq b=3 0=
UV (X
o>+ 22X+ Rl b=, C=2)
vy (x-Ly !
AR S

B. Tor each prblem above, write gfuvalont oxprssiom in fovn
(7L+0{)l = Xl"}‘)«bx‘f’ C
U)  (x=4)> = X>—3x+f d= -4 b= -4, (= ()"

&9
2t

U )T = x46xt9 d=3, b=3 Cc=()"
Gy O = xmeaxtr A=l baal, o et

02 (X'%)L: XZ*“IX‘F&E 0{“-"}_, :‘]5_ 6= — Lyt

]

C. whot ?onttem oo you notice ?

b=d, ¢=d>=b
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Review of guadrotic functions
Consicler stardorol equotion for a quadmtic poly omia|
£ = o> +bxte

A . what oo each m{ﬁu@m a,b.¢ oo to 8”})}‘ 0](: Shie ﬁhéﬁ:m?

. o oeterming ‘bhe"‘shajm”of porabola, o<|a)<|, parabola is wioler;
lal 71 pavobola jgthinner ;  when 070, porabolo 0Pen upnards,
When o1 < 0, parabola open olownwaros, o=v males groph o line |
* L Ol‘ﬂ’ebt the locetion of vertex.
when b=0, yortex lGeson Y-axis 5 when 0, b have some Sign (£)

vertex lies on right of Y-0xis; whenab havach‘ﬁefeht Sign vevtex on !rlfﬁ.
(Mote = b oloes Not CJACN‘QQ Shojie O]C parabola )

s ¢ offeet the vertiao shift of parabola.
Cyo shf-fkwf); (<o shiﬂdown_
R‘Qf = Exploving Pavobolas By Joshua Singey

D Use the method of (opleting the square tv derive the quadrdic fomula

Recall : quadredic. fovmula is - %;%JF“*_‘«‘E_
St o thx +C =0, we want b find X that makes it true.
we. hope to trons fom this inte fovm
E(X+m) = n, k, mnek
50 that we amldd firdl x by %= -MJJ—_V;

In other wordls, we wont tp have only one teim with & |

lesson 13 Page /[l

23357 - Jobpm
Zomin



ok AL
A +bx+ ¢ = 0

S0+ 2x)4C =0

Recall fom )

Xt 2by + ¢ = (Xtol)™,

od=b, ¢= b*

e MOt = Remember Hinagy o !
b
S0 (et X A )y e =0

Salxtdy = & -¢

=>O1(X‘f1—%)l - zl;(;tmc

3 b b~4ac

S (Atss) = o

> atsy = g fue

= _]_D_ J pr-fac
A = >a

= N -loin}-*LI-ﬁC

X - 20

bqd) -

Use in Pavt (.

R.E.D.

c. WUse the method of completififj the square to derive the vertex
form of -the quactrai, functon . £ = a(x—hy> K
Perivation shoulol include explicit fovmula fr h %k in temso f a1 b, c.

S\)Lwﬁﬂ From # 2 Part B we have -

frea (x+ fx)> o DEEE
sowe haw h= — & | - dacb
24, k- 40

(g 1)

(Mote the negetive sign before k)
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3, Perive Seconl molinqry deriletive test
Suppose we are given function f: DER R with ontinuog
sownd denwotive on domain D. let a €D be a given wnstant
with point (& fon) on the giaph of our fimction,

A . Stote the second o’rotiharj derivotive st ‘mdmciihﬂ all three conditiong

Given —F('on = o (-Fivgt oroUmrti Aorvative )
. ™
l-f ‘}(&) 70, {(a) s loel min ; | oter
if foy <o, fra) s (o) mox; | firt orotirany clrietive

. N . . tellg the sloPe at pont X=0 ;
lf Loy =0, inencsive . P Setoncl ordinan darivoting
| ellg wncave Up [ tontave clown.,

' { g[ol)e ~o, (on@ve bll) %IOC“[W\QV\;
! = e down = loca
B_ i che QC]U&ctimq ‘Fm/ he fn@t — | §[o?e o, Con& wn = loco| gy

_ . slope fin=o ) el
Toylor sevies OTFYDXWmm‘m Titn ot (o fw) ) I e

(enae down

AKA Lo linear agproximetion of ot (e fioy)

',

T\ () - '&)(): 'FCO‘) T 'F(JQ) (X"a) (wncove AP

, /Gt Ling. Y=L (x)

Loyt

|"'¥(“) -
@) [

NP
slope {-('b) =5 ﬁ [lf.ott
mirm

/

v

/

1) lo-fe

Notice . we are Uéhﬂ L) to aﬁwximate {-(X)
IO o S TR eson 1> pases It

B 26min
R This 'gfm"&@um L Then we set 00 =L(xy TAppvoxt) HIB 42 WPM = los pn.



(ordanee k5

C. Write the. equation i eoondl —orcer Teglor Series gt Dty of f
ot (o, fe) . AKA - esuetion efor the tangent fqmbola ot (a, foy) ;
or loaal guadinatic Opprox of far print(a. fin))

Tot) = fay T falx0) +348) (x-a)-
Notie - tangent parebela share f(a), fcé\) with lihear aﬁ)@(‘
Lot 1E(7‘): Do + Q) (x-a) T0x(X-2)" X This isa Porabolo

‘F&) =20z ‘FCA) =20y

=5 Dis feon
2 1
Repace  fcay = Qo, fea)= Ay, 3f@ =0,

= Ty = o)yt fa (-2 + 3 fa) (x-=)"

lessom 13 Wg/ Y
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1). Bﬁaih how  second Wofimg doivetive test 1S related +o tanjmt

line Ty 2 Targent Pﬂmbofa Totx).
Reinterpret the thiee Conditiong of sesmol orclnan desivative
test using language about the 3mf>h af tangent PDb\'j”DMWS.
AN
J

£ 2
Ttz 4lrr

\

foo=sin 0

(M =

1

—Tilx

/>

T ") = “ |

=

Recal| second oroli nay olervetive test
Given ]C(én) =0

N fea) 7o loceal min
T o <o o) max
fta, =0  intmclmsive

Trom the guaphof fox) = sin ()

v il

At 2=~T, [ocal min

T2 T2) has slope. 0 ¢

2 In eondusion
tongont line LTi ) hos seme [slpelas Foo 5

tongent Pavabola (1200 hag Some @L&s oy

| Mathemation Plot P T (nest)
t Olrivextion of [Ty - on same Pfe

) Conaave dlown, ( T2(7y <o)

0T/ =0)  Ta(-Ty) concave up (T2 "5 70)

leson 15 Prges I Iy
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niep= Plot[{sin[x], 1, -1, -x"2+Pi#x+ (4-Pi"2) /4, x"2+Piwx+ (pi~2-4) /4}
{x, -Pi, Pi}, PlotRange » {-1.5, 1.5}] ’

®“ 1.5:
\ ,‘:
; : ,._{,.E_ . . @
0sf
, L/ \\
ul.13...._.2,..,11....:..' ........ L..(D
YA % 3
-0,55 / \\.
®
o \s
Terve functions. - -
_EM Lthe: |
Lo = sin 00O | Sin(Th) = :
T
Fog = s x) | Srvetay =T
I ws(Mey=o !
:FU,() = —=sih(X) | (ob(-Th) =0 \

Tite)] = JCCa) n {:CO")(X'O‘)

Tatey = fea) t foy (x-0) + foy (x-oy*

~ Ginlo) + (s @) (x-ay = Sin(@) (x=0)"

50 the eduetions are -
® {-(x) = sin (X) on‘\giml ]CW\C‘HDH
® TP = Sin(Thy + tostThy (A= Th) = |

T R
G tHms 160

@ T (=) = sint=Thy + s () X=TA) = |

@ [2075) = SinlTh) + Gs(Tsy- Th )~ Sin(Ta) (X ~Th)*
= =X 4Ta4 E

O Tpmp) = sinTh) t —5in(-T’/z) (X +74)?

E X aut t |

= 5in(Q) T ws(d) L X-9)

(QGSDHB ()2367/19
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ly. Derive Secncel Pavtio| Dervective test
\ i 3 ,
Given = DER' >R \yith tontinueus secondl clerivative on Donn >

Let (b ) €D (a1 b, fiam) on the 9roph of the function |

A Stare the second pertial olenvative +est -
5plution

Given V1 (2, ) =0

Let D= Laxlab) Fyy(ab) - frylab)

if D 70 foy (ab) e, theveis min (lua|)

fxx(ab ) <o, thereis max.

(f D<o, -there is sadclle peints.
£ D=0, monclusive .

B. Write equation of first orcler Towlor senes a/7mx Ty xry)
ot (o b, fccub)). In other worols, tanﬁentf/maof f ot
(@b f@h) . AKA el (jnear appry of { ot (@b feab))

] 5oh,cﬁoh}

RQColl‘fﬁn%rd: F,Gme g}?m‘m:
2 - 2o = fx(on ) (X0) tfyan)(y-b)

D 2= fab) T fylon) (X2 Ty (4=b)

lesson 1> Page8 I
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C. Write the equation fov seconcl order  Taylor series Opprox Bocy)

Of £ ot point (@, b, frab)) . ~ I other wordls, write the 29uoiti o
‘Fuy the tangerd quadmﬁc surface at (0, b, Fonby) . AkA ba | ?Mﬂﬂ{mﬁ&
opproximation o f £ At (ah, £euh)

T.).()Qj): f(mb) + Fxahy (X-0) T 'Fjj(o“b) (4-H +

fxx;ciub) (x-0)* + 7033 @k (Y b)* + j% (ay (X-0)(Y=b)

20

D. (ombine the foct that we wart to ook ot pointy on surface wwhore

vﬁx.y) =0 with algebre t» tonslate Your e«?“aﬁoﬂ B-txy) into fom
D) = 2 a2y £C42) ko
Lolertify vales of o, b, ¢ intems of fxx, fyy, fxy.

e @b by xedo,

let hlxy) = ]C(Xo;\;o) waﬁ@%jﬁ + P

JX{?{LJ_lj\)} "{IJ(}/;L}U)_ & .

i}x%(xm‘jrr) [X"Xo)) T 5{- 'Fyy()(o,jo) [y‘jo))' T f)\'&' (o, Yo) (X_XO)[y‘Yg)

0 F;l,ﬂw'u.tz ‘f J - B

D T 009 = f099 T 2 Fig gy (K + TRy oo (Yo By og¥ ) (Y-Y)
Let 0= Faix0ys), b= Fxy(xos), €= Syy(xedo), Ro = J[f""'yv
S Tatoy)= ket A2 13 YY) 4 bx-Te)(Y-1)
let X = X%, Y= Y-t Ccharge base)
2T2(X,Y) = ko + 2(ax™ +26XY+CT7) leson 3 Pages/ It
Y21 110k A= 1 45Am



(otirme Y

Ll RS 7 think ~thisshoulch be " ’

T. Wethe methodd of Oonﬂi@ti @e Syuare o shw the pllowirg
X +2bxy eyt = a(20& ) 1 Ay -

We this foctornetion, ex‘vlajh how v determing the behavior
o the loaal quadlretic aﬁroximﬁm To (xY) bosed on +he

volues of the wefficient o and qc - b*.

(1) Completing Square
0t Xl_pb)(ﬂJrCH) = a(x*+ %’—"xy) + Yy
= ot £ 2t B+ ey — (2 ae g
w[\fﬁﬁ/ﬁﬂ) ¥ ay
—aixteyt T8
Where A=y (Xo) ) b= Fyy Xord), ¢ = Fyy (Xe, Yo)

(L) Sinw the Square 1$ alwows  non nequitive,
“if oo, ac- b 7o then OXT+2bxy+cy Vo

= ‘F)o( (Xo,ﬂf}) 70, ‘fxxmmlj”) ‘J:Ejt’ D(Oj‘fo) - ij [ijo) 70
This i when we have ol min oy
Vifa<o, ey, then ax+2brytly <o & gl

O < o

S fux o 9) <0, Fxtop) fyyl0 ) ~ xybefo)> oo,
Thisis Wwhen we have lota| max
¢ The ovhey wse issaddle peint, where o and Q‘—C—O}}i—' has oﬁbsite sgn.
H a7o, Q‘C—f"—c , oL-b<o;
i o<o, ASET 5o, ae=b* <o, legson 13 Page lo/ |y
Gther (e £ £yg f <0 2 g4 oM



Continue J4wink “Joriel”
- he hert .

PGV’C‘!C»[ glwv“\ ol
T, Brploin hwthe setond eretimary clorivotive test is Felbctedl 1o

the ideaof the tarngent line Tiw and tangent parobola T (x)
Reintepret the three (onditions of the seconcl partia| clerivertive
test using Iargvage about the gmphs o{l these tongent polynomials.
Solutio
when I tarb) =0, fy(aib) = fy (aib) =0

Tioe, 4) = Teab)y  whichis o tonstant -

The tangent plane Ti is paralle( +v -the 3y plone .
(01b) might be' Mo [ min | sadolle peirts.
V= {XX ;ij - ‘F;j
l{ 7 70, anol )E')(X >0
Fom Part (F), we know thisis o local min
T20x,Y) 7 Ko , whert ko ER.
The tangert §uacodic: surface » point Ufwmcfs ;
l‘f D 7o, anl fxx <0
Fom Pt (B) , we know thisis A loal max

> (xY) < ko
The tangent ?Madmﬁc Surface Point olovwonwards .

logon 13 Pagen | I
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9. Find the Poiyrtg oN P(Qhe_ XtYtZ2 =4 pearest +the point P(o)3,6)

Solution
Notice one way to oo this is  prejection.
Here let's use another way . Portinl dertuative

Step: @ Constwcta clistanc fun ciion
@ use pqrﬁal denvetive test w ﬁ‘ho{ m})wt-(;}\ai;}mo{ﬂﬁﬂ funodvn min_

© distance function .
NtY+t2=¢ > 2 = 4-x-y
Distonce 0f any given poirct on -the plane o Plo,36) s

D= f(ﬂf"f’)lw‘ 4-3)>+ (444 -6)
Minimize D 15 Same 08 hinimize D> sing D o
D= X+ (Y3t AT
= ¥ YT GHY)T wtey =
=20 Y Tt
@ nee partial denvetive, test o ffnol min 4 the in{JWZVQ‘M-

Let Fouy) = 2 +24>- >4+4x+13

Vi =41 4y =0 x=o 472 Nfﬁf 1) is o
Fac Fyy- fxy = 4x4 0 =1p Yo Critica| powt -
Fax >0 5, we have o loax| min
Pty —fxy o ot (-, 3).

-~ 3

Z:ﬁ-‘th—i = 4

$othe clset pont 15 (-1, 3, %) _
lesson]> page 12 It
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0. Find the point on the cure y=X* nearest line Y= x-)
1d€ftﬁ]cj the point on the line

isoluﬁml Y £ " .

STEP - vl .
O fird dlistana function : / y=x

5 U partal dorvetive. to _1/
Linod The minivum -
change vonable Hv the furckions :

® T avoicl gnfusion,
ﬁ\j: X5, = ﬂ:w‘) = w (u, n)
3-‘- x| =) f(u}):(ﬁ"l (w, w-)

dZM'l =y (g —A)

N waw |+t - QDU 4 w2k

=] 4 3 ot - 2w~ 2wk 2wt
let D = o>,
Doww) = WA F200> - 2w -2 2w T
6 Now use Portiod olerivative o fincl phe mimunt point.
I (w w) = AW + U= 4w 2w, 40-2 U 22D
T ordlor 4o Jird the critical pint, Set YD =0
:)T%u5+ b ~4ww —xw=0 ©!

AI—UU—)_M)‘-.IU\—Q = B Eﬁl

Page s | 14
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(prcnue #10
preanue 10
solve for this gwp o eguation :

P42 4w Zaut f2utr D w3 4u) B9y

Py Tq3 i Eo 0 repae W with u:

40 tou —2ulUr+u +1) ~(ur4u +l) =o
> ll-U@-{-éUl “d W -2t -an ~ur—u—(=o
D 2u -3h* 43U - zo.

One wow to solve the cabic function with integer loefficient is
r= %
where v s Fo%f'b(e root, § is the fattor of Qo (-1 inthis 89),

b is factor of On (X inthis 29).

So we have ¢ = 4|, t=3I1

Possible roots : 4+ L

o - A
Test vootr <
=1 5= 2h= 26 K
-] -3i=s=]-fjz8 K

p= s 2%) -33)+ 3@ ) A= 4 -4 43 =0 V

(1

y=—3 2P -3E)E3EH-1 = ~F-F ~F T %
Ohb = 3 isthe ot of the funchon 20> - 3ut3u-| o
So U= 3

Thus the poird on 4= X* vhabr is nearest o = ¥—| 1§
(%, %)
X logt §TEPis Using Seqordl pavtial derivertive tesh

i - Page. |41 |4
500 if (3%) 15 the minof distance function
1 willkip 4his 5tep sinw 1 only have one critita| pant - 20 H=OGAM— | (s Tohm.




