Math 1C: Calculus 111

~ Lesson 13:

Maximum and Minimum Problems

Reference: Brigg’s “Calculus: Early Transcendentals, Second Edition”
Topics: Section 12.8: Limits and Continuity, p. 939 - 951

only if

Definition. Local Mazimum Value(s) p. 939

Let f : R? = R be a two variable function. We say that f has a local maximum at (a,b) if and

for (z,y) in the domain of f in some open disk centered at (a,b). We call this output value
f(a,b) the local maximum value on this open disk D C R? since

In this case, we call the input point (a,b) a local maximizer of the function f since

f(z,y) < f(a,b)

f(a,b) = max f(x)

xeD

(a,b) = arg max f(x)

xeD
Nofe oo nhotahon:
0 The maximum valve refus to “he output valve of
our fuachon .
2 When we refie o o disk D& ‘Rz, We Mean OnNn
Open  Set
D= {(xy) +  (x-a) + (y-b)" < §)
for Some ‘oos."hqe rachvs &
— Qr\c)’\)ﬂ\fn%'
VR
O The orgument of P(x)-= £lxy4) 1s +he inpw (x1v).
Thos, the arg Max P(X) 15 the nput pont (x,y) ot F

+thet produces aa maX . i\.'-”, Pﬂ.



Definition. Local Minimum Value(s) p. 939

Let f : R2 — R be a two variable function. We say that f has a local minimum at (a,b) if and
only if

f(z,y) = f(a,b)
for (z,y) in the domain of f in some open disk centered at (a,b). We call this output value
f(a,b) the local minimum value on this open disk D C R? since
f(a,b) = min f(x)

In this case, we call the input point (a,b) a local minimizer of the function f since
T @rqg mmn: Ql‘qumcvﬂ' min) My~
(a,b) = arse%m f(x) ges the input valves

tnat- produce the miniwmym

Quick Check 12.8.1 p. 439)
ConSider he Pwa\oc\o;c{

Z= X +y1 -Hx + 2y + 5

US.,,j e method  o-f eomP'lehnj +Fhe squae, 'F.nq

Fhe local  mnimum.
Soluhon: Con sidev +Hhe Po\fa\oolorc{
Z(x,j) = X -4x o+ jl ?25 + 5

we Can UCOmP\Qk, Ao SC[UC*f( A ‘Do‘h\

vartgbles X Qand \j N

L\B/ P?.\



x - 4x + 4 +yz+23+l +5-4-1

P 1

= (X’Sﬂl + (3")’ )

we see that  Z(x,y) s  the sum of 2quwes

Cmd we K now

= 1
(x-2) = 0 for all xEIR
C3+I)L >0 for all jen2
2
Then 2txiy) 2o Aoroall  (oy€eR

Moreover e sec

o 1R

Z2(2,-1) = (9-2)1 + (- +1) =60

== (2,~)) = Cw‘ﬂ mm Z(X;y) AND

2
~local Mmimmi2r (x/\j)e”z

local mimimvm

valve —a3 0 = M Z(xy) . E
(x.y)ER™ RENE



Theorem 12.13. Necessary conditions for unconstrained optimization problems p. 939

Let f : R2 — R be a two variable function. If f has a local maximum or local minimum at (a, b)
and if f(z,y) is differentiable at the point (a, b), then V f (a,b) =0 (i.e. fz(a,b) = fy(a,b) =0).

Proof 11 Witoot loss  of general.'l»j: Suppose Pixig) has a

local moximum valve at (a,b) .

Define The S"mgle variable  fuachon
g0 = £(x, b)

Ob"'ﬂ\\)@d b-y hold)nj Y= b CO(\S“"QQ«}.

By definihon, +hee is some posihve radivs & of an

open diskK (‘Gnﬁrgd at (ab

Hoei20a
Lne
y —J b

open disk

0= fixg) ¢ Y (x-ay +lg-67 = £3
fuch Fhat Pa,b) > Poxg)  Hor al (x,y)€D
Then, we  Know 8(0.) 2 foo for all (x,b)e D

@l 3(0\ msk” e e lotal e o BE BOR),

Vi)



Snce ‘P(x,\g) s d: fecen able [k Know 300

must also  be difecentiable and by  Thm 4.2 ea pg 234

we Know

31(‘0 = ;‘%[3 (X)] = O

S 3’(0\\ = fxlap) =0

Wae repecﬂ' +his Qr‘g ument with anoter Smg)e vorlclolwe

funchon  defned by

hy) = Fla,y)

obtan ed b\/ \'\Old)ﬂj %= & con st+ant. By +he
same Y‘QD\Somf\f]I we Sec h(b) 1s « local maX
and Wwe K 0w

0= h'tb) = dy(ab).

Thea, GF(G,‘D) = <o,0> as was  Clamed.

,LIB,PS l



Recall that for a finchey of One Vacriable,

+he  condihoy  Fhat Plcay = O does  not

3uaren+ee a local exIveme valve o+ fnPu+ X =G

Side ¢ oMM ent

3
Consider f£X)= X .

we Know P00 = 3)(1 Gnd

Pt = B0 =0y ISR

Ptoy is neither a Max hor min -

Theorem 2.)3 1s  Similar.  The conclihon

6?&4,%3: <o, 0> & fx(@gp) = 0  4nD

fy lap) =0

does not lmmedraﬁlv ‘W‘P'j +e  pont (¢,b) P«oducs

o local extreme valve of 'P(x,v), Instead, Theortem 1213

~

Stades that  only  pomts at whicw VF = 0 can

be considercd as candiclates  for local exdema.

Ll},,'?é)

—



Definition. Critical Point p. 940
Let f : R — R be a two variable function. An interior point (a,b) in the domain of the function
f is a critical point of f if and only if either of the following is true:

1. Vf(a,b) =0 (ie. the first partials fz(a,b) = fy(a,b) =0)
2. at least one of the partial derivatives f, or f, does not exist at the point (a,b)

EXOMP\( ‘a 8\ P qHD) F:\nol Qn CrthC\\ Po\n—\»g O‘F'

P(x,lﬁ = X- 3 (x- a)-(\/+33

golu'hoﬁ v We beﬁm b\/ ﬂO‘HCMj

‘Jﬂx boy) = 2 [X- (x-2)- 3(3{{)}

Ix

3]

y (SJ'S) : :)%( [Xl "QX—J
= Yo ly+3) -(ax -2)
= 93-()(—!3-((:1%-33

This portal derwahve s conhnvoss ot all

) € RE sacc i+ 35 a polyaomia] in X &j‘



STm'A)O\I’ I\jl we haVZ_

: = o . .
‘O‘l(x'% :/; fx-(x-;ﬂ‘ 3(‘1*3)’—}

= X‘(X’9) —j%/"[yz +3jfl

i i 0 ¢ (24720

)\

which »s  also connvous  For all (Xlgj)e\l—ll,

S 2
—ﬁws ’ V'P(X,\‘,ﬂ e xists e qll (le) e IR exnel R

Oﬂla "*})PQ of crtrcal poelz we  have o o+
the  Plavor hat e‘F = 5 gty We

need 1o fiad porats  (x1y) such Thar

Puloy) = 8y - (x-1(y+3) =0  AnD

Pylay) = % (x-2)-(2y¥3) =0



By equahon I,

Let’s

Case

we

Know

Pelxy) = dy-(x-1)-(g+3) =0

= s Y =D
considec each

8:0‘.

oR X-| = 0O oR ¢d+3‘=0
oR %X = ) or y = of
cas Se?oroére\j:

‘Su\oSh"Nhaa conchihon Y =0 inTo

equahon  IL,

we have

"F\/(xiﬂ\ = X - (\('2‘)-(2\/ +#3) =0

3x .(x-2) =0

3 x =0 or K=& F Q
X = 0 or X = -
We hove “dwo cehcal  ponts

RsSsociaded wn}h ™is CQLQ, awcr\ b\/

(o] = [l

- LB,?"\}




Case X=V° Suloshivhag He coadihoy  X=I into

equa'hon T, we have

p 0oy = t-0-2)(2y+3) =©

x=|

l

= - (Qy+3)=0
=) y = -3)2

= we hove one cev¥ cel P0£n+ OSSOC"E‘TQ

wh Mz Case, givea by l(l,—3/1)!

Case y= sl Su'bshﬁ\m‘nj 3-_--3 into  eqvahon I , we have
foad| = X (x-2) @ (3¢3) =0

i

= -3%x (x-2) =0
=) L - oR 8= o)

"::) W & have ‘f’\/\)o C(‘.\‘\'I(‘al \)OiY\h OSSO(\C&\'I
with this  case 8\\/6(\ b‘y’
]CD’ '33l AND (9) 43




Theorem 12.14. Second Partial Derivatives Test p. 941

Let f: R? — R be a two variable function. Suppose that f(z,y) is twice differentiable on an
open disk centered at the point (a,b) where V f (a,b) = 0. Define the discriminant of f to be
the function

D(z,y) = faz(z,y) - fuy(@, y) = (f:cy(x’y))2 (1)

Then, we can use this function to make the following conclusions:

1. If D(a,b) > 0 and fzz(a,b) <0, then f has a local maximum value at (a,b)
2. If D(a,b) > 0 and fyz(a,b) > 0, then f has a local minimum value at (a,b)
3. If D(a,b) < 0, then f has a saddle point at (a, b)

4. If D(a,b) = 0, then this test is inconclusive and cannot be used to identify the behavior
of f at point (a,b)




Definition. Saddle Point p. 940

= Let f : R? = R be a two variable function. The function f is said to have a saddle point at
the critical point (a,b) if and only if in every disk centered at (a, b):

1. there is at least one point (z,y) at which f(z,y) > f(a,b)
2. here is at least one (different) point (z,y) at which f(z,y) < f(a,b)

Example 12.8.3 p.942)  Use the Second parhal dervalve Fest

+(> Classrﬁy all +he Cr‘i‘hCa] Po,rﬁﬁ ot

fixy) = x-y-(x-2) (y+3)

Soluthon : B-r our eaclier wockK on exawmple 2.8.1,  we
knOw we have o CfTHCQl POM"’S S)Ven by
(0, 0) (2,0) (t, -3/2) (0,-3) (2,-3)
A+ eacnh ok these pomts,  We need 1o
evalucate +he discciminant
2
D()‘;g) . "rxx ‘Fyy - 'F)uj
and  the wvalue of fxx +o Check

‘H'\Q Si(j‘f\s ancl C\PP\j oI +heoce m.

\L\B,P”‘!



Examplc B3 p- 942 ...
we begh\ b\/ Consfmchng D(x vy)

F(x,s) = Xy (x-23) (yt3)

o Pelxy) = 9y (y+3) x-D

= ‘Pxx (X;\j) = J\/ (&j‘\'g)

AND

5> P Oay) = % (x-3) (2y +3)
S fyy (x4) = Ax-(x-3)

AND

= Puy (x,0) = 39 3 P
N 4 oy ay[“&! +333 (5 )B]

= d:(x-Y) - %{ [‘jl s 33]

= 3 (x-D - (2y +3) fyx (xiy)

ﬁen, we  Can Construcr  ocvoe  discoimunant Nachon

D(x,y) = [&\/‘(3+3\]-[Qx-(x-a)} = [Q‘CX")‘ (2\/*‘33]2

[

Use Mathemalce To  Create Q& usel defined
foackoa +o s?mp\'{:\\ evalvahon problem ‘ L|’5'pl3 l




Now we  Can ccecak o  +able  that m cludes
the value  of Dix,y)  and Pax (xy)  ax  cah
Ceittcal  pount
2nd  pachal
Cr‘.ﬁCu| DisCcimiaun¥ OerVadve fesk
) S
Pornt D(X,LD “Pxxcx"ﬁ) CORSRRD
( 0, 0) -36 0 Qaddle Pown¥
(21 0) -36 0 Saddle Pownir
)
(.’ '/2) 9 '_i Local mMa&X
Q
(o, -3) -36 0 sacddle POt
(2,-3) _
' 36 0 Saddle Pont
We can confirm +his behaviogr vsin M m a QrQPhtnj capablit

in C)ud\nj Plot 3D and

lLB,pl‘L

Countour Plot



Example 13.8.9 p.948) Find +he pontts) on “he  plane

% 42y 4 2. =4

closest +o  +the poiat Rle, o,0) .

Qoluton | ¢ Use 2nd Par'ﬂa\ decivahve test

Led  (x,y,2) be any pont oo he plane, By
deﬁnfﬁof», +his point satvs fies +he equa?on o+ +the

planc ancl we have

Z=(Q’X'—JY

We Know +hat dhe distance between  4he

5
point P(2,0,4) and any poin+t (x,g,z)elR =

3’V(n by ‘Y\lnchw\

7

d Cx,y,2) . = \}(w—a)l Fy-0)t +(z-4)

[f we requice our poar (xiy,2) To be on e plane,

Fhen We Can Crtak a  FTwo - yariable distance  Runchon

lLlB, ,715)



1
o 1

dix,y) = '\[Cx—;?)1 + ‘jz + (2 —-X -2y -Y4)
. s
equation for z
that comes From
gubstituhan

N \/ S R L o b

In +his Problem’ wae w ant > mMinimiZ2e d(x,y).

However, since dixy) nvolves a  square root

—vLak\nﬂ dervathvesr vl e algebm?ca“j messy . Recall

Pt w2 AV e U=V

']Tw_ S q vore r oot R)ﬁ('bm

'S MOnO'\'on‘.('QHj MCfCC(S)\ny

the order of ovtput
values is  ideatcal

4o orclec oF 1aput
values

—W\\)s/ Instead of Wﬂ\nﬁ 40 M imie d(xf‘j)/ lets

a \\

dehne q  new Ronchon

Pfx,«j) = [d (x,xﬂ)]

Whose MANimyum  OCLUTS ok Same pont()  (x,y). ’LB,PH:



Now, we  waat o fiad

z -
X
Mmin 'P(x,\o) - min d ( 9)
(xy) em* (yyeR™
2 2% 2
= ™M (x-a) +5 + (x +2y+?—)
(7\/\9)6“22-
Hnis  Simpnficahon comes From a side
nNoje USiney alﬂebrq-
2
il IR +53 + Hxy +8j+‘<’>

(x,y) € R

Now wa can qPP?j our Secoad P&(T\a\ derwatve ~]es+_

We bQSm b\/ ‘P\f\dmg cohcal  Pointls) vf = 6 3

M «Px(x,\j) = Hx 4 Htj = 0

lEéli J’\,(w) = Hx + |Oj ¥ 0 =0

B\/ equa’hOn I, we Know X = -j aand we subgh‘h)%

+nis inbe oqucﬁ*oc\ I v fiad

"L'tj +'Oﬂ 8 =2 D = énj = =Y =) ‘j: -H/s

Then, we have a Sma)e Ch‘h‘ml POWH' ot (L{/}) ,q/B)—’
L-L3|Pr'




Now, we  test he  discrimiaant  Gnd P af

+hs  poink W

oy = o) Ty - (g |
=[] [w] -4

40 ~ 1 S s B

/1

These Vvalues are  Coastunt

Fxx

I

y - - for all valves ot (xy)

We sec ,'H\er), point (6/3, ’L'/_:,) - local — mn

ok fxy) | Moreover, since Z= - X - 2y
Y4
W e Know oor z - coordwcte is
Z=od - 1 49,4 = 24+ 84 =10
3 = 3 >

ancl Poa+ (‘i _y
/31 V3, -'—;2) s the closesk on the

glVCf\ P'ane Fo Po‘(\'}' F(Z, 0, H) ”



Soluvhon 2 U Se 0r+\‘)030na] Proje(‘,“‘\()ns

Considec  —he d:aj ram  bpelow
J Pz, 0M)
N J
ﬁ 2 i
> P

4

Po Q
Plane : X +2y +2Z= J
Let b= £y B AP be Ahe normal vecler To
oo plane . Ley  Po  be @ny  poaton our plane

Saxﬁ e poInt+

Pol o ¢ 1,0) <~ This point sahisfies e

€9 vahon for ~the plane  Since

O+ 2'1+0 =2 Y

—

Defne X = Pe P = <2,-I,L]> be +he

vecetor Connfchﬂg P te P.

iLIB, pld



Tf\en W e Can d@ﬂne -;5 % Proj ;;Oé)

'H\L Or‘h'»oy oncl PmJQC’hO/\ Of‘ ‘;,( Onh' 7‘ . We

Kaow  +Hhen
?\: <l)z)|)
. g iy = J
P: b Sl & N =) ”n,|2:,\f‘2+21+)z '\/—é
Al A

= <2"'/L’>‘<'/2;’> 4

l/Z,'>A

i _—
ST
\
— Nofice, since +tha sclar
h {= ) H oz 1= posifve, we Know
a '3

-

P is onienttd |n +he Sawme

dxehon es

e

) AP flo\



“C wWa set PO)(\+ G(X;S,i) ’h; be Po,“,\— 0n
"l'\f\Q P\Qﬂe d\FCC‘Hy UV\(JQ(“ Pom,\- ’P wfh‘)
p= QP
’h‘@'\, we  can Kool the  coordync fes of Q Sencc

szl

Qp = <3”X,O'j,H—z> = <—§-,%,§>

=) 4 =% & 2
2
Y= 5
- |
H-Z = -3

= « = 2-23 = )
y= -4

Zz = L"- 2/3 = ]D/:))




