Lesson i Dy ceeNneld DQF\ vehuey  and “’b\o\ G«*&d Mt |

Limil Definhon of Dicectional Decivahve

Let Z= f(x,tj) define © sur'Pc\cc; : where F(.x—.g) s
&iQR(U\ﬁCL\O\Q. Lo} poiat (a, o, Plab)) be oo +he

- 2 . ’
surfoce Let U= <y, , w,d> &R be a unit vedor

in e XH -plar\g‘

S\)f’Pose we  move a|0n3 “+he  line vﬂ“\) 15 he

domain ) where

-t
Q(h) = <c‘lb> t h <u|,Uz> 7
A
N
A /
b+ hu,
y f » X
G aihu,
= B o+ Kew  recll: Hhis is  he hine throgh
POt i_"ao (c,b) in +he divecticn of
Veetor \-1
= X 4 ha, b+ husd

= <xh), y(n)>

~J3
NoTCc in this  parametnic equaton for eor line Llhy —we are USing

i \ . 77 \ A R — = i
Pc-xfamekf h o represent  the amount’ of vechor U we move
ct waj IQFO 12} pcm’f

Po.

Lll,p.i



£ we  move aloag 2(n) in e doman of  Flx 4), we
¢an .'YC‘C( a Curve e alcmj —+he Surface > = £x, Y)
whe ve “+he ou+pu+ Po.\rﬂ—s of C are given by

j(h\ = Jﬁ[f(h))

= f(a+hu, |, b+ hy,)

The

corve  C

described above  can
also be visualized as +he  intersechun
OF Qa lﬁiah% "H’WUL‘y‘h Po.w‘\- PC(‘»\.‘D,O) Wi"H\
A =
normal veckor <~ Uz, u, 0> =n
and  4he surface z= Pqy) Notice
This ‘P\Qn¢ S pecpend‘(ulor +o +he Xy-plane
—
Qncl conYonns  Ahe lne L(H).

l L\\,‘p-ﬂ




Pomt A - (a, b)j(o)\: (a,b, Ha.bﬂ
Poat B (G+u.'h,b+ Uz'", gfhﬂ
whire g = P(at hy, , bt h ‘Uz)

3(,\'\\ 15

.Here/ e Curve ¢ 3 NeA b‘j
h".(\;)\'\l}gh‘\(d In PTnK . Nefice we can Q‘raw O
Secany  hae '-H')roufj\n poalk A and B on Ihis Curve,

h;ghha\‘\ﬁd in bive.  The Stope of Hais  Secaat e TS glww 4

My = rise ’j(h)ﬂ‘ 3(0’)

fun

e I

= Plathyu , brhu) ~ flab)

| PoPlia

L, p3



Then, let's defiae  points A (a,b, £la,b)) and
i+ int
B((M—hu‘ , b+huy, “P(q+hu‘, b+ huﬂ) ) Notice +hese points
o =D while B

st on corve C wihn A Coming

Y"QSUH’s Brom ﬂn(,lmj 9“’)) -

We ¢€an drow ¢ e Cant line *H\rcush po'm+s /—\ ana B
and measvre  he Siope of  Hms line
Zz
-P(P) 5\ Secont hine Ccnnechr\ﬂ-
T points A and 3
: rise = §(P) ~ £(Po)
FfPovj il s S . — _J
run = ” Po P ”7_
o == —> fh)
e p
Slope of <cecant lne = rise
ron
= i}~ + {5
I 2pll,

= Fla+ hu, , b +hy,) - 'P(“Ib)_ S¢e next

h . _pPaye to  Und<rstugy
l;.,"n% fun = h




Bthu, _

' : “+he
in order 1o calcviate —+he run  (+he chenge M distaocc

: ctor
domain SPQCQ), we Want+ o 'Pmd —+he ienj-H-, of he ve

’P\osP Coanecling  pont Po (4 b) +o point Pla+hU,, bt huz),

To this €nd | nohce

—3
PP = < athiy -a, btha-b>

)
= <hlA, ) hu, >

N

S;hCQ “G“ = | Lsy GSSum‘)‘hoq‘ we "I'(‘C;Vc‘ ex'ac_‘l—lj h uﬂ]‘*'s o

ger from Pp to P Thuc | our  rua IS sim ply h




in ordec +o Find the slope of +he ~+anen+ lime o

+he corve C  af The pont A, we taKe Hhe  limit

fivn

P—p,

P(P) - )(\(PO) = INn ')P(Q'{' hu‘ i b*’hdl) - ‘P[alb)4
I &Pl h=o h

When  Adhis  hmid  exjsts, it is  called the direchone |

dervetive of f a+ (a,b) m  the direchon of E?

The decivaben of —+he Sio*—xq ot +he "}'Qﬁ(j’f/\'\' hine » C

C{"‘ PO;.H' ,A( q{veS rSe +D %C -Po(m,;;] 3 iIMI+" b&&?(;\

de {lm}] on for  dhe direchona) decivathve . This  defintion

he\PS )ll\)gf{-mk, +he connechon o our UﬁClﬁ(ﬁgﬁﬂc{McJ ot C]waqhv‘ej

as ~the hent of o« slope of e Ssecant lne
HOWQ\/Q«’, Wher\ CC\\CUlq’hf\g C]irc chonal d€(w‘C1’hvé>/ we P‘.ﬂe'ks"

4o ovoid forma) Imits (as  hese can be quik

Cumbersome and  Hime Consvming ).

.Lll,p-é



Dot Produek Formula for  Direchonal Decivahve .

To aveid v sing the  limt  while Calcu)a'hng dyechona)

‘ @ tegle variable fonchon
demvahuex/ let'c de fine “+he Sng Vv 1

qi) = PLLe)) ke B

1l

= <atty,, bty

(f

< x (1) 3({;))

where  the cwﬂ:u’r of SH\ 1S dhe  Z-valve en  surfac

O‘\Onﬂ 4o hae E({\ in e domaia pf F(x,\j)‘

Notice  +that 8"({\ = ﬁ[ﬂ“ﬂ s the dec)vahve
Op £ Glo"ﬂ “he fine E(-m (-Hr\c glope_ of +he "I'angerﬁ—

line Yo curve C  ar PO Plartu, , bitu,) = ,Q(t)).

LI, »?



Then, the dicechona)  decwvaTive of § at (e, b) In Hhe

dicechon of U is a\'krnahvelg

Dgfla,b) = q' (0) recall Z(0)= (a,b)

I
&la
Ty
o
)
-

1)
o
1
-3
—~~
=
=ty
i
~—”
—
I

= 4 [ #ixw, gm')]/

t=o
>~ mb'i+|VC'\fI(‘.\’)]C
= |3F_ & '
[__ Sdxop o dF ¢ chan tule
IX  dt dy dt
4=o0

i}

| dx_dr.. _
fitayy - u, + Fylab) sy -.—’5*—‘1[—a+£u,]:u,

r

ey, Potaw> - <y upd

Now we can C(MmPU}( ~+he d\Y\C’Ch?ﬂqk de"""C(T\:VQ Qs @ dot P'-"C\‘CIUC\'/.

practica] formula T Fiag D F . ‘LH o
l P l

wWhich provides a




Definition. p. 917 Limit Definition of the Directional Derivative

Let f : R2 = R be a two-variable function that is differentiable at point (a,b). Let u = (u1, u2)
be a unit vector in the zy—plane. The directional derivative of f at (a,b) in the direction
of uis

f(a+ huy, b+ hup) — f(a, b)
h

Duf(a,b) = lim

provided this limit exists.

Theorem 12.10. p. 918 Dot Product Formula for the Directional Derivative

Let f : R2 — R be a two-variable function that is differentiable at point (a, b). Let u = (u1,u2)
be a unit vector in the zy—plane. The directional derivative of f at (a,b) in the direction
of uis

Duf(a" b) = (f:c(a’ b)’ fy(aa b)) : <u11u2> = 6f(a'7 b) ‘u

!Lll,p.‘?]



EXOmPlc 12.6. 1 P qi8)

Consider -he Pam.bo\c‘.d

Z = P(x.g" = (x’)- % 2\/2> & Q

4
L‘
Let Po(3,2) and define wait wvectors

U= 1

s

L _ - ¢l E
’r;,> and V—(Z,—z‘>

Fiad B £ 1223 an d Dy f(3,2),

Ct we shouvid ehe for ourselves
+hat these are uvaid VecTors

Solvthoea : By +heocem (2.100 P-qu,

we Know Fhat ot any point

Pla,v) and R any unmit vechor o= <u, ,uD , we have

DﬁvF(Q.b\ = —Fx(q‘b).bh + -p\/ (a,b) ~Ux

= < fxlap), Fyla)> <u,ud

— _,»’-A-—f—\( -

W & C(".” vH\n‘S
—+he g ra dient

vechor v (a,v)

b hie Case,

we  See
"px(xuﬁ = 'J% [-,_\‘—(x +2 4 ) +2_] ~ 3
Ty (ay) = 3%; ET (24" FZ] .



Example 1261 p. AU8.-)

“Then -fx(?nl) = 3/2 andl -{?\/.(‘3/_1) = Q.

Witn  this | uoe

can Ccalcvlate

» = , : - !
Duf(s2) = <Pz Hieny . < =D
= ¢ 2 L !
=<z, 25 <K&, Teie
= 2 .. ; 2
2 3 P
17_
Z{L
'S]milarlj' we have
| ;
Puflaz) = <& E , Hland L = '@)

i

- ~J';'7
<33’2>‘<7'/ — >

2

= 3._'.4-2-\[;7
2 Z =
3 _ N3
4

‘ Llf,pi((



Definition. p. 919 Gradient (in Two Dimensions) p. 919

Let f : R2 = R be a two-variable function, differentiable at point (z,y). The gradient of f at
(z,y) is the vector-valued function

Vi, y) = fo(z,9), fy(@,y) ) = fol@, y)i+ fy(z,y)]

Definition. p. 92/ Gradient (in Three Dimensions) p. 919

Let f : R3 = R be a three-variable function, differentiable at point (z,y). The gradient of f
at (z,y, z) is the vector-valued function

6.70(1;’ y) = < fa:(x)ya Z), fy(w,y,z), fz(x,y, z) )

= fol@,y,2)i+ fy(2,y,2) i+ f.(x,y,2) k

l LU ’?.]‘Ll



Examy\& 12.6.3 P.quH Let «F(x,g') = B .__75’; + xig . B
jo 0

= ) " il —[
v{(3,-) ond Daf (3,-1) where d=<&, \r—;,>

Soluthon: By de finihon ‘T;'P(x‘g) e ¢ £ (x)lﬁ / 'R, Bea 1S . o e
/

case we Ssec

2 2
Prixy) = 9 [% - x4 Xy ] = =0 b =
s e io 5 o
2 . 2 .
Py(X'3)= 9 [3 - X & 2Y ] - M
‘)\/ ic io N 5
Tfsen we Can 'ﬁnd our cies.‘rcd grad.‘em- vector
Vhs,1) = (=2« L, 3 PR NN
vIte ) 5 io ! B > 2/ =5

To A the direchone ) decwwahve of 4  aF {3~

in —+he direchen of C\/ we Tiest cneek ndn, =1 -
Getr nTo habit  of
Chm\/\mtj U 1S wnrt vechor,
3 2 ~ ‘,> ‘
Hall, = | e el b = W
HUH\;_ - lﬁ} + L“_’;J
Now we have
=n . ¥ .3 L
Def(z - = VFG-n.G = <"2.73> ‘o = >
i
= — ' + 3 R —
Ny 5V’ [o—\[?




The Geadient  and  Steepest Ascent and  Descent

We will now develop Some cjecme’w'.c intvibon aloout  Fhe

—
grcc\‘ten’r as ¢ vector VJ'\.

Rinction 2= $(xiy)

Suppose  we have o +wo-variable
(a,b). We can

thet is diffventiable at  powt

CCL‘CU‘Q‘R_ “‘+he d?rec‘\',onal decivahve of :P ot (le) In
4he  divechon of any ond  vector U
pif(a,b) = Vfab) . T
) ¥PWl, - MUl -« cos ()

i

oy —“+he  cosne "Fcrm\;’lc\

'For +he  dot P(C‘Clu(;‘ wheee €

.J,\
is the a«nf}k betweeqn VH anda
-t \
= || ¥fav ., cos(o)
Shce U= (U 1S a
unit vectyr)
Notice hek - £ cos(e) = | Psr all  valves of @€ [o,27] .

LIt p.iH



Steepesy Ascent

From -his analysis, we see DiPlab) 15 maximum  (witn respect
+o ar\ﬂ\e, o) if cos(0) = |\ which  corcesponds  Fo e=0.

In  other WOrdS, ‘he Cl‘nfec’hanq(. er.va“hv& has “he

Steepest slope  and P hes 3:_e_ogig_sj_-#‘incmgs_g w hen

%Af(mb\ and a POW* in  —he same Advechon . In Hhis
cose Du‘;‘(q’bj = |l V?(Q.\o)“l
Qteepest D escent
on +he other hand, D flab) is mimmum P cosle) = -1
Thos 1f T points 0 T o ppositc

CorresPondmj 40 ©= M.
+he 9“ e+  rade ob

dorechion ofF ?‘F(Q.\ﬂ, Hhris results n

doscense. of 4 e Do flab) = — I YP@w e

L, p-15
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éf(a.b]

—
TQMJQ‘\+ lee o
level curve C o}

pormt (a.b)

Lovel cycrve of  Fiy)
repreSenhng e set ot all
domain mpuks That preduce

output vales equal v Plaib)

Fmallj ; wWe notice that Dif (ab) =0 when  the angle g

between  FF@®) and U s 0= T4z . In this case, we

r

Move QIOns +he level curve C.

These obsecvations result in Theorem 210 p- G20

L )P b



EX&MPIL 12.6.4 P qw)

2 X
Consider -the bowi'shupec\ paraboloid z=Flxy) = H+ X t3Y .

At ponat (2, -li2, 35/4), what are The direchons of maximal

oscent and descent ¢

in he Nachon ve e ¢

Solution:  Atihe point {2, -Uz), +he valwe of the Srac\ie(\} 1S

TH(2, 1) = <ax , By>
Then , 4he  direchon of Sicepest  ascent €
- . _‘— _ 3>
u 5 <Hh,

reSu\hnﬁ In the 3rca¥ts‘r mcrease 1n valves of F.

what+ direction(s)

(2’ "/1»

The dicechon  of s--\egpe&\ deSCeM'

-U=- 3?(2,"/1\

Fanl\j’ o+ pownt

When we Mmove

Case s in

v

resubt in

np ¢C hCch(

<y, -3>

S

s Ld-4, 3%,
5

(2, -1/2) 4he  Rinchion has no Chqnﬁc

divechon

S
e

L <3, 4>
S

or

B

or*hogor\al\n 4o VF . which 1n this

(

L8 4>




Theorem 12.11. p. 920 The Gradient and Directions of Change

Let f : R? — R be a two-variable function that is differentiable at point (a, b), with V f(a, b) # 0.

1. f has its maximum rate of increase at (a,b) in the direction of the gradient V f(a,b). The
rate of change in this direction is |V f(a,b)||2

2. f has its maximum rate of decrease at (a,b) in the direction of —V f(a,b). The rate of
change in this direction is —||V f(a, b)||2

3. The directional derivative is zero in any direction orthogonal to V f(a,b)

Theorem 12.12. p. 922 The Gradient and Level Curves

Let f : R2 = R be a two-variable function that is differentiable at point (a,b). Then, the
tangent line to the level curve of f at (a,b) is orthogonal to the gradient vector V f(a,b),
provided that V f(a,b) # 0.




Example [2.6.6 .P.qm

Consider +he upper sheet of e h\,perbo'\md ot fwo sheets

N
P S

v e level curve
| 1o tné [ine .

Find  an equa'hor\ of “he --l—angen-L hne

ok (41)  6ad VC"H‘\j +hat -\-7J'P(|,\) is o-r“]’hogoﬂa

Solution: We notice -Prat Py & -\f 42+ = & . Then,

cucve 16 e ellipse  given by equa‘hon

—\' | 4 axt *31 = 9

ouc  level

:> gxl 4+ 32 = 3

for  our --l—ancjen-lr line, we need

A Heontretion

To fiad e equa'hor\

4o Had  slope , ia which case we USIg imP\%Cr}

AN v y] = 4]

dx- Y



.TY.’US/ Q\' PO\)Q‘\' {‘I ‘) we h(AV( ""’C(r\gey\—\— ‘\\‘\( Wsh’l SlOPa

S| L _a.o
dx = -
(N

Our po\rﬂr Slope form  of ovr hae s Givea by

y-1 = -3 (x-1)
= y = -ax + 3
We Can  wrik dhis 1 vector cm Qs

Rty = <t , -at> + <o, 3>

"

<o,3> + 4+ <\,-25
b‘/'/ﬂ./\q

—— 4his is the

(1

ro + i:~'-\-‘/

dicechon of he

-hmggmt hae

Now, we Sec 3{‘ xy) =

< QX Yy >
'd\*?xz"fkji / 1’ l+JX1'f31‘

s vfoy = <1, V2

S OV = <0, > K> = 00X
Thys VE 15 Of"h\030nq| 4o The Fangent line To Our level
corve aF Twe  pont, as

we clamed . M




EXQ‘Y\P\Q 2.6.7 F.Cil'%
2

Consider the poara bolosd z= Py = HH+ <2 # "33

If we begin a} pownt 3,4, 61) on Hhis suctace, led’s

C Bina e projection in e  xy- plant of  -the patn of

%Jrcepes%— descentr on the surface .

Solution - _"p we consider Ahat f>a+h of S—"reepes‘l— decent,

We Know thar  ab any  pomt (x,y, Foxy)) on
the SUr-PCn.m/ the pre \mage of +his  path shovid be

of‘-'l'hosjonal 4o dhe .{.Qﬂ‘jen.{- line of  4he level curve

at  this f,omx

point (xa9)

on level cufvt
Yangent Ine Yo level cofvE
J

fevel curve for ~P(x.\j)’=t‘.

_.ﬁ]c(x,\j) in +he doman cf -?(yﬂd)

Pirechon of
S-*eg‘,o,s} desceat

[biye |



[n Ahis case we can calculate

- Viixy) = S P (my) , By >

)

¢ =By — by

We Ceéo USe +his d’irgchw\ "’b th\alj Ze he Eeh&vrcr

of ovr path.

SREPasSr decent Pcﬁh

(x,4)

Then, ot oy powt  Ony) 00 +he  sleepest decent pathy

we Can d"a\,.! o ﬁﬂgen‘)' l""C , oS ceen belou\)
”f”anjgn)r line 4o s.}{g‘r,)es’t decent Pcﬁ}\
prvtk O =m x + b
on 12vei corv \/ - 7\
where m = Mmbay) = a
Rachon o % and y
Steepesr
Jecent
Pq*f’h level (.',ur\/e

LU p 2%



We Know that  the ‘\‘Qngen»\' line T +hs  path

has S\Ope, d ederminec| lo\/ ra gfcldl'en* at +his POW\-“'

m = .—Q-\/- e—— rist E(‘.\nc\ﬂﬂﬁ s y)
= Q’( e U A ( chc;n\cjc T X )
5 3y
*

Fi\en “he Steepest decent  pan agaRsfies  Fhe Drdinacy

/

DiffcrenTia \ equahon

e = 2y

X
::> _é[ ] = 3 Y(X)
7 Y (x v

w ith Known initval  pomt y(3) = H. We 3ee

From 4he mnexdt poge of these nofes, the steepes +

descent path  that satishes +his ODE is  given by
2
\/ = H X
VA

and endS at pont (90), +he veckex of ovur Pom\oobfd.

—
M



ODEs VYig SePo\ra’hon of Vvactables

Solv’:’nj
Y~ = 29
X
: Preview of (Lommj Atachons
= - l - ; —
37, ;z— This +echnique 1S
one C,“— TT\Cm\/' SO‘]V"th
method ¢ discussed
e MR d\/ e _{_ d X in Meth 213
3\(1 X
:—> .i_ 'n((j’) = ‘n (X) + C")f "FD(‘ sSsome.
3 %
constant CE€ IR
= ‘n((j) = 'n(XS + L for some (el
= 3
j - A X for some A € I‘R
Sinee we Know y(3'):‘—]' we  can solve for A as  Toilows

3
A [3:] = = A= H 5 |y= AX
73 23




