
Applied Linear Algebra Fundamentals
by Jeffrey A. Anderson, PhD

Last Updated: Tuesday 2/27/2024 at 5:50am

This is a draft table of contents for Jeff Anderson’s Applied Linear Algebra
Fundamentals textbook project. For more about this project, check out any of
the following links:

• Applied Linear Algebra Fundamentals textbook project homepage

• Applied Linear Algebra Fundamentals laboratory activities

• Applied Linear Algebra Fundamentals textbook project description

This table of contents is a draft document to highlight the scope of the project.

1 of ??

http://www.appliedlinearalgebra.com/blog/about
http://www.appliedlinearalgebra.com/
http://www.appliedlinearalgebra.com/blog/for-teachers/linear-algebra-laboratory-exercises
https://jeffandersonmath.wordpress.com/2023/03/08/jeff-andersons-applied-linear-algebra-fundamentals-textbook-project/


Table of Contents

Front Matter

Preface

Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Notation Guide . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Why is Applied Linear Algebra Special? . . . . . . . . . . . . . . . . . . . . . .

What are Unique Features of this Project? . . . . . . . . . . . . . . . . . . .

Invitations to Student Who Use this Book . . . . . . . . . . . . . . . . . . . .

Invitations to Teachers Who Use this Book . . . . . . . . . . . . . . . . . . .

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Background Theory and Historical Contexts

Fundamentals of Mathematical Modeling

Introduction to Applied Modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Different Types of Mathematical Models . . . . . . . . . . . . . . . . . . . . . .

The Major Problems of Linear Algebra . . . . . . . . . . . . . . . . . . . . . . .

The Three Pillars of Applied Mathematics . . . . . . . . . . . . . . . . . . . .

Applied Matrix Models

Spring Mass Systems and Vibrations Analysis . . . . . . . . . . . . . . . .

Circuit Analysis in Electrical Engineering . . . . . . . . . . . . . . . . . . . . .

Designing Safe and Stable Structures in Civil Engineering . . . . .

Computer Graphics and Game Design . . . . . . . . . . . . . . . . . . . . . . . .

Computational Photography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Image Processing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Numerical Optimization and Mathematical Programming . . . . .

Towards PageRank for Web Search . . . . . . . . . . . . . . . . . . . . . . . . . . .

Cubic Spline Interpolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Machine Learning and Neural Networks . . . . . . . . . . . . . . . . . . . . . . .

Useful Prerequisite Theory

Propositional Logic and Boolean Algebra . . . . . . . . . . . . . . . . . . . . .

Introduction to Set Theory and Operations on Sets . . . . . . . . . . .

Introduction to Permutations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Introduction to Digital Computation

How to Build Digital Circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Introduction to Unsigned Integers . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2 of ??



Introduction to Signed Integers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Introduction to Fixed-Point Numbers . . . . . . . . . . . . . . . . . . . . . . . . .

Introduction to Floating-Point Numbers . . . . . . . . . . . . . . . . . . . . . .

The IEEE 754 Format . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

I The Matrix-Vector Multiplication Problem

Vectors and Vectors Operations

Vector Modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Vector Arithmetic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Inner Products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Vector Norms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Linear Combinations and Span . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Linear Independence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Hadamard Products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Matrices and Matrix Operations

Matrices and Matrix Modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Anatomy of Matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Matrices from Outer Products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Matrix Arithmetic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Matrix Norms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Structured Matrices and Block Matrices . . . . . . . . . . . . . . . . . . . . . .

Sparse Matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The Matrix-Vector Multiplication Problem

Matrix-Vector Multiplication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Practical Considerations for Matrix-Vector Multiplication . . . . .

Introduction to Matrix-Matrix Multiplication . . . . . . . . . . . . . . . . .

The Geometry of Elementary Row Operations . . . . . . . . . . . . . . . .

The Geometry of Special Orthogonal Transfomrations . . . . . . . .

The Algebra of Matrix Multiplication . . . . . . . . . . . . . . . . . . . . . . . . .

Matrix Multiplication for Elimination Methods . . . . . . . . . . . . . . .

Practical Considerations for Matrix-Matrix Multiplication . . . .

3 of ??



2 The Linear-Systems Problem

The Nonsingular Linear-System Problem

Nonsingular Linear Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Solutions for Square Linear Systems . . . . . . . . . . . . . . . . . . . . . . . . . .

Matrix Inverses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The Invertible Matrix Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Practical Considerations for Dense Systems . . . . . . . . . . . . . . . . . . .

Special Inverse Formulas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Matrix Factorizations for Nonsingular Linear Systems

The LU Factorization without Pivoting . . . . . . . . . . . . . . . . . . . . . . .

Practice Considerations- LU Factorization without Pivoting . . .

The LU Factorization with Partial Pivoting . . . . . . . . . . . . . . . . . . .

Practice Considerations- LU Factorization with Partial Pivoting

The LDU Factorization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The Cholesky Factorization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The Determinant Function

Discover the Determinant Function . . . . . . . . . . . . . . . . . . . . . . . . . . .

The General Determinant Function and Its Children . . . . . . . . . .

Properties of Determinants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Practice Considerations- Calculating the Determinant Part 1 . .

The General Linear Systems Problem

Row Echelon Forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Solution Sets for General Linear Systems . . . . . . . . . . . . . . . . . . . . .

Practice Considerations- Solving General Linear Systems . . . . .

Specialized Approaches to Solving Linear Systems

Introduction to Iterative Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Sparse Methods to Solve Linear Systems . . . . . . . . . . . . . . . . . . . . . .

Practice Considerations for Specialized Approaches . . . . . . . . . . .

Error Analysis

Introduction to Rounding Errors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Precision and Accuracy Calculations . . . . . . . . . . . . . . . . . . . . . . . . . .

Introduction to Perturbation Theory . . . . . . . . . . . . . . . . . . . . . . . . . .

Forward and Backward Error Analysis . . . . . . . . . . . . . . . . . . . . . . . .

Introduction to Condition Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . .

4 of ??



3 The Full-Rank Least Squares Problem

The Full-Rank Least Squares Problem

Introduction to Full-Rank Least Squares Problems . . . . . . . . . . . .

Data Fitting and Interpolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Minimization Problems and Quadratic Forms . . . . . . . . . . . . . . . . . .

Least Squares and Closest Point Problems . . . . . . . . . . . . . . . . . . . . .

Vector Spaces

Vector Spaces over R . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Subspaces of Vector Spaces over R . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Bases and Dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The Fundamental Matrix Subspaces . . . . . . . . . . . . . . . . . . . . . . . . . .

General Vector Spaces Over a Field . . . . . . . . . . . . . . . . . . . . . . . . . . .

Infinite Dimensional Vector Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Inner Product Spaces

Introduction to Inner Products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Fun Inequalities Involving Inner Products . . . . . . . . . . . . . . . . . . . . .

Generalizing Our Definition of Norms . . . . . . . . . . . . . . . . . . . . . . . . .

Introduction to Normed Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Introduction to Inner Product Spaces . . . . . . . . . . . . . . . . . . . . . . . . .

Positive Definite Matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Completing the Square . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Introduction to Banach and Hilbert Spaces . . . . . . . . . . . . . . . . . . .

Orthogonality

Introduction to Orthogonal Bases . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Orthogonal Subspaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Orthogonal Projects and Least Squares . . . . . . . . . . . . . . . . . . . . . . .

Special Orthogonal Matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Introduction to Orthogonal Functions . . . . . . . . . . . . . . . . . . . . . . . . .

Introduction to the Fast Fourier Transform . . . . . . . . . . . . . . . . . . .

The QR Factorization

The Classical Gram-Scmidt Process . . . . . . . . . . . . . . . . . . . . . . . . . . .

The Modified Gram-Schmidt (MGS) Process . . . . . . . . . . . . . . . . . .

The QR-Factorization via MGS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The QR Factorization via Householder Reflections . . . . . . . . . . . .

The QR Factorization via Givens Rotations . . . . . . . . . . . . . . . . . . .

Practical Considerations for QR Factorizations . . . . . . . . . . . . . . . .

5 of ??



3 The Standard Eigenvalue Problem and Beyond

Introduction to Eigenvalues

The Standard Eigenvalue Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Introduction to Eigenvalue Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Eigenvalue Case Studies for 3-by-3 Matrices . . . . . . . . . . . . . . . . . .

The Characteristic Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Similarity Tranformations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Diagonalization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Eigenvalues of Symmetric Matrices . . . . . . . . . . . . . . . . . . . . . . . . . . .

Eigenvalues of Positive Definite Matrices . . . . . . . . . . . . . . . . . . . . . .

Eigenvalues and the Minimum Principle . . . . . . . . . . . . . . . . . . . . . .

Incomplete Matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Computing Eigenvalues

Rayleigh Quotient and Power Iterations . . . . . . . . . . . . . . . . . . . . . . .

Real Schur Form and QR Iterations . . . . . . . . . . . . . . . . . . . . . . . . . . .

Tri-Diagonal Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Krylov Subspace Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Practical Considerations for Eigenvalue Calculations . . . . . . . . . .

Specialized and Advanced Problems

The Singular Value Decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Introduction to Non-Linear Least Squares Problems . . . . . . . . . .

The Rank-Deficient Least-Squares Problem . . . . . . . . . . . . . . . . . . .

The Generalized Eigenvalue Problem . . . . . . . . . . . . . . . . . . . . . . . . .

The Quadratic Eigenvalue Problem . . . . . . . . . . . . . . . . . . . . . . . . . . .

The Polynomial Eigenvalue Problems . . . . . . . . . . . . . . . . . . . . . . . . .

6 of ??


