Answers

Lesson 11 Warm Up Quiz

Math 2B: Applied Linear Algebra

True / False For the problems below, circle T if the answer is true and circle F is the answer is false.

. 1t (¥

Any two matrices that are conformable for matrix multiplication must have the same
number of rows.

2. T (F)

Let A € R9%6 and X € R*7. Set

Then B(:,3) = A(3,:)- X

Every square matrix is a product of elementary matrices.

If A € R™*" is a diagonal matrix with nonzero diagonal entries, and B € R"™*™  then
multiplying B on the right by A scales the rows of B.

If A and B are m x n matrices, then the matrix products AB” and A” B are defined.

6 T @ For rectangular matrices A, B, C, with proper dimensions, if AB = C and C has 2
columns, then A has two columns.

7. T (F) IfABeR™, then (A B)(A+B)=A%- B

8 T @ For matrices B, C, D with proper dimensions, if BC = BD, then C = D.

9. T (F) TForany A, BeR™", AB = BA.



Multlple Choice For the problems below, circle the correct response for each question.

1. Define the matrix B € R**# by the following product:

b11 b12 b13 b14 01 0 O ail; aiz2 a1z a4 0 0 0 1
b21 b22 b23 b24 - 0 0 0 1 as1 QA22 Q23 G24 01 0 0
b31 b32 b33 b34 1 0 0 O as1 Qasz asz as4 1 0 0 O
b41 b42 b43 b44 0 01 0 a41 QA42 Q43 Q44 0 01 0

Let ey = [0 1 0 O]T and e3 = [O 0 1 O]T. Using this definition, we see that bys = el Bes is
given by which of the following:

A. b23 = 43 B. 623 = Q24 C. 623 = Q23 D. ng = Q44 E. None of these.

. Let A € R3*%3 be defined as
ailr a2 ais
A= laxn az a|,

azyp asz as3

where A is nonsingular and a;; # 0. Suppose that we choose E € R3*3 such that the product EA has
the following structure:

a11  G12  a13
EA=1|0 * *

0 * *

In this case, the symbol * represents a real numbers. Then, E must be given by which of the following;:

A. E =Sy (_a13> - S1s (_“12>
ai1 ai1

B. E = S5, (‘Z31> - Sy <€112>

aii ai1

C. E= 53 <(l;1> - Sa21 <alz>
a11 @11

D. E= Sy <_a11> - oy <_a11>
az1 a21

E. None of these
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3. Define the matrix B € R*** by the following product:

bir b1z biz bus 0 0 0 1| Jai1 a2 a3 aa| |0 0 1 O
b21 b22 b23 b24 o 1 0 0 O as1 QA22 Q23 Q24 0 0 0 1
bgl b32 b33 b34 o 01 0 0 az]p Qg2 As3 A34 1 0 0 O
b41 b42 b43 b44 0 0 1 0 Q41 Q42 A43 QA44 01 0 0
Using this definition, we see that bso is given by which of the following:
A. b42 = as2 B. b42 = a42 C. b42 = a4 D. b42 = as4 E. b42 = a43

4. Let A € R2X7 and B € R'2%6. Suppose C = BT A. What are the dimensions of C(:,2)?

A 7Tx1 B. 6x1 C.6x7 D. 7x6 E. 1x6

1 0 0f |1 3 9
5. Which of the following represents the matrix-matrix product: |—1 1 0| |1 3.3 10.89]:
-1 0 1 1 3.6 12.96
1 3 9 1 3 9 1 3 9
A |0 3.3 1.89 B. {0 3.3 10.89 C. |10 3.3 1.89
0 3.6 3.96 0 3.6 12.96 0 0 3.96
1 3 9 1 3 9
D. |0 0.3 10.89 E. {0 0.3 1.89
0 0.6 12.96 0 0.6 3.96
6. Let matrix P € R**® be given as follows:
0 01 0O
P11 P12 P13 P14 Pis 0 1 0 0] |air a2 a3 ais as 000 0 1
P21 P22 P23 P24 Pas| _ |1 0 0 Of fasr agx a3 azs ass 0100 0
D31 P32 P33 P34 D3 0 0 0 1f (az1 a3z a3z aszs ass 000 10
P41 P42 P43 Paa D45 0 0 1 0] [@a1 a42 @43 aaq ags 1000 0

Using this definition, we see that a;5 is equal to which of the following:

Al a2 =pa B. a12 = pas C. a1z = pas D. ai2 = p12 E. a2 = pos
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For the two problems below, consider the polygons V and W.:

BEGIN POLYGON V END POLYGON W
5 A
s R S
v V2
o9 ISUINS SRRNNNS SO S SR N
; 0 iwal iws
- e peeseeaes e e -3
2 o—oVi i w2 S S R 2
v3
o @ ® — S S 1
V6 Vs : W1 ' W6
0 i 2 3 4 -5 -4 -3 -2 -1 0

7. Which of the following vertex matrices V encodes the begin polygon above? For this model, assume
that the kth column of V' encodes vertex Vk, for k € {1,2,3,4,5,6}:

112 2 3 3 1 3 3 1
A'L44221] B'[4 211}

144221 4 -4 -2 -2 -1 -1
D'[112233] E'{122331]

= DN
[N R )
Q
e
NN
[Nl )
w N
wW =
==

8. As noted above, let V be the vertex matrix that models the begin polygon and W be the vertex matrix
that models the end polygon. Which matrix @) below satisfies equation

W=QV

aly ] N e | o o[ ) 7] B |} o
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9. Define matrix A by

2 3 1 4 6

1 -2 3 2 0

A= |-4 1 0 5 7
6 —2 8 0 -1

-7 -2 -1 3 1

For which of the following matrices E below will the matrix product
EA=C

not have a zero in the first column?

A. So1(—0.5) B. S31(2) C. Su1(—3) D. S51(3.5) E. Su(3)

10. Let A € R®*, B € R**7 and C € R7*%. Let the matrix D be formed by the product
D=(A-B-C)"

What are the dimensions of the matrix [D(:,4)]"?

A 8x5 B. 5x8 C. 1x5 D. 1x8 E. 5x1
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For the next two problems below, consider the wireframe model for a begin polygon V defined by vertex
matrix and edge table below.

Edge # | Start Vertex | End Vertex
yof2 -2 -2 2 1 1 2
12 2 -2 =2

2 3
3 4
4 1

=W N

Let W be a wireframe model for an end polygon given by

0 —4 0 4
W= [2 2 -2 -2
Assume W formed by multiplying V' by some matrix £ € R?*2 with W = E - V. Also, assume that the
edge tables of V' and W are identical. Under these assumptions, the wireframe model for both V and
W are given below.

Begin Polygon: V End Polygon: W=E -V

X2 X2

Multiplication by
Elementary Matrix E

11. Choose the matrix E used to produce W in this situation:

A. So1(~2) B. Si2(—2) C. Sor(—1) D. Spa(1) E. Sia(—1)

12. Find the length of edge 4 from the wireframe model for the end polygon W = E -V in the problem above.

A. 2 B. v20 C. 4 D. 42 E. 0
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13. Let matrix B € R**4 be given as follows:

b1
ba1
b31
bai

bi2
bao
b3a
bso

b13
ba3
b33
by3

In symbols, we can write

Using this definition, we see that by is equal to which of the following:

A. —6@44

. —2a14 + 3a44

1 0 0 O ai; ai2
01 0 O as1 Aa22
0 0 1 0 azp Qas2
-2 0 0 1 ay41 Q42

B = 8u(-2)-A-Da(3)

C. —6(114 + 30,44

aiz ais| |1
azz a| |0
azz ass| |0
as3 agq| |0
D. 3&14 — 6&44

0 0 0
1 00
01 0
0 0 3

E. 3a14 — 2@44

14. Let n € N with n > 3. Suppose that we define the matrix

where ey = I,,(:, k). Which of the following is equivalent to B~1?

A. 521(61) . 531(—

CQ)

Free Response

D. 521 <

25 ()

1

B:In—&-clegelT—chge{

B. S31(c2) — Sa1(eq)

C. S31 ((?2) : 521(*(71)

E. Sia(c1) - S13(—c2)

1. Write the definition for the column-partition version of matrix-matrix multiplication.

B=A-X

The left argument of the matrix product

A-X

Solution: Let A € R™*™ and X € R"*P. The matrix-matrix product

is the matrix B € R™*P, The matrix-matrix multiplication operation used calculate this product is
a map between vector spaces - : R™*™ x R"*P — R™*P with two inputs.

is the matrix A € R™*™ on the left side of the multiplication sign. On the other hand, the right
argument of this product is matrix X € R™*P on the right side of the multiplication sign.
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We say that we multiply A on the right by X if A is the left argument and X is the right argument.
To execute multiplication of A on the right by X, the number of columns of the left matrix A must
be equal to the number of rows of the right matrix X. If the column dimension of A equals the
row dimension of X, we say that A is conformable for right multiplication by X. Another way
to say this is that the inner dimensions of the product agree. If the dimensions of A suitable to
multiply on the right by X, we say that matrix A is nonconformable for matrix multiplication on
the right by X.

Definition 1: Matrix-matrix multiplication by columns

Let A € R™*™ and X € R"*P. If we multiply A on the right by X to form the m x p
matrix B = A - X, then

Columng (B) = A - Columng (X),

for k € {1,2,...,p}. In other words, the kth column of B is the matrix A multiplied on
the right by the kth column of X. This operation is written using colon notation as

B(:,k)=A-X(:,k) = Zx]k A(:, ).

The kth column of the product B = A - X is a linear combination of the columns of matrix A
with scalar weights defined by the individual entries in the kth column of X. We can write the kth
column of the product B is an m X 1 column with

b1k ai a2 a1n

ba a21 a2 a2n
B(o,k)=| . | =2 | . |tz | . |+ +Tu

bmk Am1 Am?2 Amn

Using this definition, we execute matrix-matrix multiplication one column at a time to build the
output matrix B.
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2. Let A € R**4, Multiply A on the right by a matrix X to achieve each of the operations below. In each
case, specifically state the entry-by-entry definition of the matrix X used to accomplish these operations.

A. Double column 1

Solution: Define a 4 x 4 matrix
ail 412 @13 A4
A= |21 G2 G23 a24
az1 G32 a3z asa
a41 Q42 Q43 Q44
Suppose we wish to double column one of A and leave the other columns untouched. To this
end, we multiply A on the right-hand side by an appropriately sized dilation matrix:
a1 a2 a3 a4 2 0 00
a a a a 01 00
B=A-Dy(2)= | @2 02 24
a31p Q32 a3z Aas4 0 0 1 0
41 Q42 Q43 QA44 0 0 0 1
Let’s begin by calculating the first column of the product
a1 a1z a1z aia| |2 ai a2 ais aiq 2an
a1 az azz az| (0 as as as any4 2az
B(;1) = X =2- +0- +0- " +0- -
az1 asz agz ass| (0 asi as2 ass asq 2a31
41 Q42 a43 aqq] [0 a41 a42 a43 44 2a4
Next, calculate Columny(B) = A - Columny (D1(2)> which is a linear combination of the
columns of A with scaling coefficients coming from the second column of D;(2).
ailp Q2 aiz aiq 0 ari a2 a3 a14 ai2
a21 Qa22 G2 a24 1 a1 a22 a2 a24 a22
B(;2) = ° =0- +1- +0- %] 0. =
as1 asz agz asa| (0 asi as2 ass asq asz
@41 Q42 Q43 aaq] |0 | @1 | | @42 | | @43 | | a4 | | @42 |
We continue by calculating Columng(B) = A - Columns (D1(2)> written as
ai; a1z a3 aia| [0 ait a2 ai3 a14 ai3
as1 @ a az4| |0 as1 a a ao4 a
B(:,3) = 2 22 Q23 a2 —0. %] 4. |%22] Lq. |98 L. |2 Z 928
az1 azz azz asq| |1 asi as2 ass as4 as3
@41 Q42 A43  Q44 | _0_ | @41 | | @42 | | @43 | | 244 | | 343
Finally, we calculate the fourth column of B
ail 412 @13 Q14 0 ai ai2 ai3 aiq aiq
Ga21 Q22 Q23 (24 0 a1 @22 @23 24 24
B(:,4) = =0- +0- +0- +1- =
as;  asz azz asa| |0 asi asz2 as3 az4 az4
@41 Qa2 Qa3 Qaq] [1] | Q41 | | Q42 | | Q43 | | Q44 | | Q44 |
We have now constructed a column partition of B. We can create the entire matrix B by
combining together our three matrix-vector products
2a11 a2 a1z aus
B— 2a1 a2 a3 aoy
2a31 az2 asz asq
2as1 @42 Q43 Qaq
We see that right multiplication by D;(2) scales the first column of A and leaves all other
columns untouched.
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B. Interchange columns 1 and 4

Solution: Let’s use matrix-matrix multiplication to permute the columns 1 and 4 of a matrix.
To this end, let A € R**4. Let P4 be the transposition matrix generated by swapping the first

and fourth column of the identity matrix.

a11  a12
az; a
B=A-Py= |7 "
asp  as2
g1 A42

ais aiq 0 0 0 1
23 A24 0O 1 0 O
azz as4 0 01 0
a3  A44 1 0 0 O

Then consider

In this case, let’s use the column-partition version of matrix-matrix multiplication to find each
column of B. To this end consider, calculate Column;(B) = A - Column; (P14) as

ai1 a2 a3 ais| |0

B(:1) = a1 a2 a3 a4 | |0 —0.
v az1 asy asz ass| [0
as1 Q42 Q43 aaa| |1

Now, the second column of B is Columny(B) = A - Columns (P14> given by

a1 a2 a3 ais| |0

B(:,2) = as1 a2z a3 aza| (1| 0.
v a31 aszy azz azs| (0
as1 a4z a43 ags| |0

aii
a21
asi
41

The third column Columng(B) = A - Columng (P14) of our product is

ai1 a2 a3 aius| [0

B(:,3) = az1 az2 azz az| [0 0.
v a31 azy azz as| |1
as1 42 a43 ag4| |0

aiy
a21
asi
41

a2 ai3 14 a14
a22 a23 24 24
+0- +0 +1- =
a32 a33 34 a34
42 Q43 Q44 44
a12 a13 Q14 ai2
a22 a2 a24 a22
+1- +0- "1 +0- =
a32 a3s3 a34 a32
42 43 Q44 (42
a12 a13 14 a13
@22 a2 24 az
+0- +1- %140 = |7
a32 ass3 a34 az3
42 43 Q44 (43

Finally, the last column Columny(B) = A-Columny (P14> is a linear combination of the columns

of A with scalars defined by the entries in the fourth column of Py4. This column vector is

calculated as follows

ai1 a2 a3z aig| |1

B(;,4) = az G azz ax| (O _ 1.
v az1 aszy asz azs| (O
g1 a2 a43 ag4| |0

a12 a13 14 ai1

a22 a23 24 a21
+0 +0 =

as2 ass a3q a3

42 43 Q44 a41

Matrix B results from combining each of these outputs and is given by

a14
a24
34
Q44

a12
a22
aszz
42

a13
a23
a33
@43

a1
a21
a3
Q41
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C. Add 2 times column 2 to column 3

Solution: Let’s use matrix-matrix multiplication to add 2 times column 2 to column 3. To

this end, let A € R**4. Let S93(2) be a 4 x 4 shear matrix and consider

a1 a2 a3 apa| (1 0O 0 1

_ _ |@21 a22 a23 a24 01 2 0
B =A4-5(2) = az1 azz aszz azs| (0 0 1 O
ag1 ag2 ag3 age| [0 0 0 O

In this case, let’s use the column-partition version of matrix-matrix multiplication to find each

column of B. To this end consider, calculate Column;(B) = A - Column; (P14> as

ai1 a2 a1z aig| |1 ay a2 a3

az1 a2 as3 az| |0 a1 a22 a
B(;1) = ’ =1 +0- +0- % +0

a3z asz G33 0434 0 a3 a32 ass

as1 42 a43 ags| |0 (41 (42 (43

Now, the second column of B is Columny(B) = A - Columny (P14> given by

ai1 a2 a3 ais| [0 a1 a2 a3

az1 ase azz az| |1 a21 a22 a23
B(:,2) = =0- +1- +0- +0-

az1r azz asz az4| [0 asy as2 as3

41 QA42 A43 Q44 0 41 42 Q43
The third column Columng(B) = A - Columns (P14) of our product is

aip aiz a3 a4 0 a11 a12 a13

az1 Gz a3 azs| |2 as1 a22 a
B(:,3) = 3 =0- +2- +1 1 +0

az1 azz azz aszs| |1 as1 a32 ass3

asg1 a4z a43 agq| [0 a41 a42 a43

a14 a11
Q24| _ |G21
azs|  |as:
44 a41
a14 a12
asy| _ |aoo
asa|  |as2
44 42
aiq 2a12 + a3
a24| _ |2a2 + as3
ass|  |2a3z +ass
a4 2aq2 + aq3

Finally, the last column Columny(B) = A-Columny (P14> is a linear combination of the columns

of A with scalars defined by the entries in the fourth column of Py4. This column vector is

calculated as follows

ailr a2 aiz ai4 0 a1 a12 a13
az1 aze a3 azs| [0 az1 a22 ao
B(:,4) = 3 =0- +0- +0- |7 41
az1 azz aszz azs| [0 asi asz ass
aq1 Q42 Q43 Q44 1 aq1 a42 a43

Matrix B results from combining each of these outputs and is given by

a11 a2 2a12+aiz aug
B |21 02 2a22 + az3 a4
az1 a3z 2a32 +asz asg
41 Qa2 2042 + Q43 Q44

a14 a14
24| _ |Q24
aza|  |az
44 Q44
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D. Delete column 4 (so that the column dimension is reduced by 1)

a11
a21
asi
41

B(:,1)

Now, the second

ail
a21
asi
41

B(:,2)

a1
a21
asi
41

B(:,3)

a12
a22
as2
42

B=A-D,=

a13
a23
as33
@43

a14
a24
34
Q44

a1 ai2
a21 22
asz; 32
aq1 Q42

a1
a21
asi
a41

o o o

a13
a23
ass
43

+0-

aiq 1 0 0
a4 0 1 0
asz4 0 0 1
aqq 0 0 O

@12 a13
a22 az
+0- 7% +0-
a32 a33
42 43

column of B is Columny(B) = A - Columny <P14) given by

a2
a22
as32
42

a12
a22
a3z
42

a13
a23
a33
43

The third and final column

a13
a23
a33
43

14
24
a34
44

Columnsz(B) = A -

a14
24
34
Q44

0 aii
1 a1
0 =0 asy
0 a1

0 ai
o as1
1] 0 asi
0 a1

a1
a21
asi
41

+1-

a2
a22
a32
Q42

a12 a13
@22 a2
+0- 7% +0-
a32 az3
42 43

Columnsy (P14) of our product is

a2 a13

a a

20 41" 40.
asz a33

42 43

Matrix B results from combining each of these outputs and is given by

a13
a23
ass
43

In this case, let’s use the column-partition version of matrix-matrix multiplication
column of B. To this end consider, calculate Column;(B) = A - Column; (P14> as

a14
a24
a34
Q44

a14

a34
(44

a14
24
34
(44

Solution: Let’s use matrix-matrix multiplication to delete column 4 of matrix A. We will call this
operation deflation, since the product is a “deflated” version of the original matrix A that is one
column smaller. To this end, let A € R**4, Let Dy € R**3 be matrix that results by deleting the
fourth column of I,. Then, multiply A on the right by D4 to form the product

to find each

ai1
a21
asi
a41

a2
a22
a32
42

a13
a23
as33
43
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3. Write the definition for the row-partition version of matrix-matrix multiplication.

Solution:

The left argument of the matrix product
A-X

is the matrix A € R"™*" on the left side of the multiplication sign. On the other hand, the right
argument of this product is matrix X € R™*P on the right side of the multiplication sign.

Sometimes we want to construct a matrix-matrix product by rows instead of by columns. We say
that we multiply X on the left by A if X is the right argument and A is the left argument. To
execute multiplication of X on the left by A, the number of rows of the right matrix X must equal
the number of columns of the left matrix A. If the row dimension of X equals the column dimension
of A, we say that X is conformable for left multiplication by A. Again, we can say that the
inner dimensions of the product agree. If the dimensions of X are not suitable to multiply on the
right by A, we say that matrix X is nonconformable for multiplication on the right by X.

Definition 2: Matrix-matrix multiplication by rows

Let A € R™*™ and X € R™*P. If we multiply X on the left by A to form the m X p matrix
B=A-X, then

Row;(B) = Row;(4) - X,

for i € {1,2,...,m}. In other words, the ith row of B is the matrix X multiplied on the
left by the ith row of A. This operation is written using colon notation as

B(i,) = A(i,:) - X = > _a;; X(j,1)
j=1

The ith row of the product B = A - X is a linear combination of the rows of matrix X with scalar
weights defined by the individual entries in the ith row of A. Using this definition, we execute
matrix-matrix multiplication one row at a time to build the individual rows of the output matrix
B. For the ith row of the product, we calculate

[bil bip - bip] = Q41 * [1311 Zr12 xlp}
+aiz- [T Loz o Tap)
+ @in - [mnl Tpn2 - xnp]

In such a way we construct the row partitions version of B.
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4. Let X € R***. Multiply X on the left by a matrix A to achieve each of the operations below. In each
case, specifically state the entry-by-entry definition of the matrix A used to accomplish these operations.

A. Halve row 3

Solution: Define a 4 x 4 matrix

11 Ti12 T13 Ti4
T21 X22 T23 T24
31 X32 L33 T34
T41 T42 T43 T44

Suppose we wish to halve row three of X and leave the other columns untouched. To this end,
we multiply X on the left-hand side by an appropriately sized dilation matrix:

1.0 00 Til T2 T13 T4

1 01 00 Ta1 T2 T3 T4
B=Ds(>)= X

2 0 0 5 O |z31 232 233 T34

0 0 0 1 Ta1 Taz T4z Taa

Let’s begin by calculating the first row Row;(B) = Row; (Dg (%)) - X given by

T11 Ti2 T13 Ti4

B(l .):[1 0 0 0] T21 T22 T23 T24
v T31 X322 T33 T34

Tyl Taz Taz Tas
=1-[z11 12 T3 T4
+0- [w21 @22 T2z wo4]
+0-[z31 ®32 w3y w34
+0- [z Ta2 a3 Ta4]

=[r11 w2 213 T4

Math 2B Lesson 11: Warm Up Quiz Page 14 of 22



11

B@:)=[0 1 0 o |7

T41
=0- [3611 Ti2 T13
+1-[m21 @22 w23
+0- [3331 T32 X33

+0-[241 @42 43

B(3,:)=1[0 0

N|—=

=0-[z11 712 713

+0- [z21 w22 wo3
1
+ 5 [I31 T32 X33

+0- [ra a2 243

T12
T22
T32
T42

3314}
T4
T34]

T44]

=[$21 T2 23 $24]

We continue by calculating Rows (D3 (%)) - X written as

T12
T22
I32
T42

T14]

T4
5034]

1‘44]

Z13
T23
Z33
T43

Z13
Z23
33
T43

1 1 1
= [5 31 3x32 FL33 3 3334}

Solution: Next, calculate Rows(B) = Rows (D5 (3)) - X which is a linear combination of the
rows of X with scaling coefficients coming from the second row of D3 (%)

14
T24
T34
L44

14
T24
T34
L44
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Finally, we calculate the fourth column of B

B(4,)=1[0 0 0 1]

=0- [z
+0- [$21
+0- [$31

+1- [I41

T12

€22

T32

T42

T11  Zi12
T21 T22
r31  T32
Tg1 T42
13 2514}
23 $24]
L33 5534]
L43 9344]

=[$41 Ta2  T43 I44]

We have now constructed a row partition of B. We can create the entire matrix B by combining

together our four rows together as

T11
T21
1
3 T31

T41

We see that left multiplication by Dj (%) scales the third row of X by a factor of 0.5 and leaves

all other rows untouched.

T12 x13

T22 €23

1 1
5T32 533

T42 L43

r13
Z23
T33
T43

T14
T24
1
5 L34

T44

T14
€24
L34
T44
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B. Add row 2 to row 4

Solution: Suppose we wish to add 1 times row 2 of X to row four and leave the other columns
untouched. To this end, we multiply X on the left-hand side by an appropriately-sized shear

matrix:

Let’s begin by calculating the first row Row;(B) = Rowy (Ss2(1)) - X given by

Next, calculate Rows(B) = Rowg (S42(1)) - X which is a linear combination of the rows of X

B=Sp(l) X =

oo o

= O = O

o= OO

B(1,)=[1 0 0 0]

=1 [3311
+0- [$21
+0- [I31

+0- [l”41

T12

T22

€32

42

o o o

T13

T23

Z33

T43

T12
T22
T32
T42

$14}
$24]
9334]

5644]

2[3311 T12 13 $14]

T12
€22
Z32
T42

13
T23
33
T43

with scaling coefficients coming from the second row of D3 (%)

Z12

22

€32

L42

T11
T21
31
T41

Z13

Z23

Z33

Z43

T12
T22
32
T42

1714}
5624]
3634]

T44]

= [w21 @2 w23 w24

Z13
T23
33
T43

13
T23
33
T43

T14
T24
T34
T44

T14
T4
T34
T44

T14
T24
T34
T44
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We continue by calculating Rows (Ss2(1)) - X written as
T11 Z12 Z13 T4

B(S '):[O 1 0 O] T21 T22 T23 T24
T T31 T3z T3z T34

Tyl Taz Tyz Tag
=0-[z11 12 T3 T4
+0-[z21 @2 w3 a4
+1-[x31 ®32 w3y 34
+0- [z @42 T4z Tad]

= [z31 w32 w33 w34
Finally, we calculate the last row Rowy (Ss2(1)) - X written as

i1 Ti2 T13 T4
T21 T22 X233 T24
T31 T32 X33 T34
T4l X42 T43 T44

B(4,:)=[0 1 0 1]

=0-[z11 12 ®13 T14]
+1-[x21 @2 Tos o4
+0- [z31 32 33 @34
+1-[zar a2 a3 Tad)

= [laor + 241 lxoo+wao 1@z + a4 1204 + 244

We have now constructed a row partition of B. We can create the entire matrix B by combining
together our four rows together as

T11 T12 T13 T14

Z21 Z22 T23 X24
B =

x31 Z32 33 T34

lwor + w41 1xoo + 242 1oo3+ 243 1X24 + Tag

We see that left multiplication by Sa2 (1) adds the second row column of X to the fourth row
of X and leaves all other rows untouched.
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C. Swap rows 1 and 2

B=Py X =

oo = O
o O O
o= O O

B(1,)=[0 1 0 0]
=0-[z11 212
+1- [z @22
+0- [z31 @32
+0- [l‘41 T 42

B(2,:)=[1 0 0 0

=1-[z11 212
+0- [w21 @22
+0- [z31 @32
+0- (241 T42

_— o o o

T11
Z21
Z31
T41

Z13

Z23

Z33

T43

T11
T21
Z31
T41

x13

Z23

Z33

T43

T12
T22
Z32
T42

51714}
3324]
$34]

T44]

= [w21 @2 w23 w24

T12
T22
I32
T42

T14]
T4
T34]

Ta4]

=[$11 Ti2 213 $14]

Solution: Suppose we wish to switch rows 1 and 2 of X. To this end, we multiply X on the
left-hand side by an appropriately-sized permutation matrix:

Z12
Z22
Z32
T42

Let’s begin by calculating the first row Row;(B) = Row; (Pi2)

Z13
Z23
Z33
T43

Next, calculate Rows(B) = Rows (Py2) - X which is a linear combination of the rows of X with
scaling coefficients coming from the second row of Dj (%)

Z13
T23
Z33
T43

T14
Z24
T34
T44

13
T23
33
T43

- X given by

T14
T24
T34
T44

T14
T24
T34
L44
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We continue by calculating Rows (Pi2) - X written as

T11

B@3,:)=1[0 0 1 0] g

T41
=0- [In T12 T13
+0- [m21 @22 w23
+1-[zs1 @32 w33

+0- [z Ta2 w43

T12
T22
T32
T42

51714}
3324]
$34]

T44]

= [z31 w32 w33 w34

Finally, we calculate the last row Rowy (Pj2) - X written as

11

B4 =[0 0 o 1] |7

Ta1
=0-[z11 712 213
+0- [w21 @2 w3
+0-[z31 @32 33

+1- [z T4 a3

T12
T22
I32
T42

T14]
To4]
T34]

Ta4]

= [T41 Zaz T4z Taal

We have now constructed a row partition of B. We can create the entire matrix B by combining

together our four rows together as

T21 X222 T23
11 T12  T13
31 X322 T33
T4l T42 T43

We see that left multiplication by Pjs swaps rows 1 and 2 of the matrix X and leaves all other

rows untouched.

Z13
Z23
Z33
T43

Z13
T23
Z33
T43

T24
T14
T34
L44

T14
T24
T34
T44

14
T24
T34
L44
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D. Subtract row 1 from each of the other rows

Solution: Suppose we wish to subtract rows 1 form all other rows. To this end, we multiply
X on the left-hand side by an appropriately-sized unit lower triangular matrix:

10
-1 1
B=Li-X=|"| ,
-1 0

Let’s begin by calculating the first row Row;(B) = Rowy (L1)

B(1,:)=[1 0 0

=1 [In
+0- [1”21
+0- [1‘31

+ 0- [3741

O = O O

_— o O O

T11
x
O] 21
T31
T41
12 T13
22 T23
€r32 T33
T42 T43

T12
T22
T32
T42

1714}
3324]
$34]

T44]

= [w21 @2 w23 w24

Next, calculate Rows(B) = Rows (Py2) - X which is a linear combination of the rows of X with
scaling coefficients coming from the second row of Dj (%)

Tri1 Ti12 T13 T14
T21 22 X233 T24
B2,:)=[-1 1 0 0] 3
31 T3z X33 T34
T41 T4z T43 Taa
=—1-[z11 ®12 ¥13 14
+1-[w21 @2 w23 w24
+0-[z31 @32 x33 w34
+0- (241 Ta2 Tuz Tad)
=[-lan+xn —lop+x2 —lziz+ao3 —1x1y + o4

Z12
Z22
Z32
T42

Z13
Z23
Z33
T43

- X given by

13 T4
T23 T4
T33 T34
L43  T44

T14
T24
T34
T44
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We continue by calculating Rows (L1) - X written as

T11
B@3,)=[-1 0 1 0 g
La1

=—1-[z11 @12 13

T12
T22
32
T42

1714}

+0-[221 T o3 T4

+1-[a:31 T32 X33 $34}

+0-[$41 Ta2 T43 9044}

Z13
T23
33
T43

T14
T4
T34
T44

=[-loy+a31 —lzp+xss —laiz+ass —1laig + w34

Finally, we calculate the last row Rowy (L1) - X written as

B@3,:)=[-1 0 1 0]

=—1-[z11 @12 13

T12
T2
I32
T42

T14]

+0- (w21 @2 w23 w24

+0-[z31 @32 x33 w34

+1- [x41 Ta2  T43 9644}

Z13
T23
Z33
T43

14
T24
T34
Tyq

=[-len+an —lzp+ze —lriz+zss —1o+ 244

We have now constructed a row partition of B. We can create the entire matrix B by combining

together our four rows together as

T21 T22
=1z +221 —1w12+ 222
—1lzn+231 —1lwio+ 232
—1x11 + 241 —1T12+ 240

B=

—1lxzi3 + 203
—1x13 + 233
—1 I13 + T43

T23

T4
—1x14 + 224
—1lxs+ 734
—1 T14 + T44

We see that left multiplication by L; subtracts row 1 from all other rows of X.
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